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XII. On the Scattering and Absorption of Light in Gaseous Media, with
Applications to the Intensity of Sky Radiation.
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Parr I.

§ 1. On the Scattering of Parallel Radiation by Molecules and Small Particles.

THE effect of small particles in scattering incident radiation was first worked out by
Lord Ravreica.* When a stream of parallel radiation falls on a particle whose
dimensions are small compared with the wave-length the resulting secondary
disturbance travels in all directions at the expense of the intensity in the original
direction. In a later paper Lord RavreicHt gave reasons for believing that the
molecules of a gas are themselves able to scatter radiation in this way. In a gaseous
medium it is legitimate to sum up the intensities of the scattered radiation due to
each molecule in an element of volume without a consideration of phase-difference in
consequence of the continuous change in the relative positions of a molecule in a gas.

* RavrEreH, ‘Phil. Mag.,” XLI, pp. 107, 274, 447 (1871); XIL, p. 81 (1881); *Collected Works,’
vol. I, pp. 87, 104, 518. '

T RavieieH, ¢ Phil. Mag.,” XLVIL, pp. 375-384 (1899); ¢ Collected Works,” vol. IV., pp. 897-405.
~ VOL. CCXIL.—A 495, Published serarately, February 8, 1913.
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376 MR. LOUIS VESSOT KING ON THE SCATTERING AND

The same remark applies to the case where the scattering 1s due to small particles of
dust since these partake, to some extent at least, of the molecular agitation of the gas
in which they are held in suspension.

The intensity of* radiation at any point is measured by the amount of energy
crossing unit area of a surface normal to the direction of the radiation in unit time.
Unpolarized radiation of intensity E falls on an element & of a gas of density p and
containing N molecules per unit volume. The intensity of the scattered radiation in
a direction @ with the incident radiation and at a distance » from dv we denote by
=21 (r, 8) dv, so that I(r,0)dvde is the energy contained in a small solid angle do
crossing a spherical surface at distance » in unit time.

The expression for 1(0,0) is of the form

1(0,0)=u(®E . . . . . . . . . . (1)

where u(6) depends on the direction 6 and is proportional to the number N of
molecules per unit volume, 7.e., u (0) is also proportional to the density p.
If 1, (0), N,, p, refer to values of u(6), N, p under determinate conditions of pressure

w (O (0) =N/Ny=pfp, . . . . . . . . . (2

e (0) may be expressed in terms of the optical properties of the medium : the results
of Ravrurem,* and KeLvINT worked out on various hypotheses of the molecule and of
the sether agree in giving rise to the expression,

and temperature we have

p(0) =5 (WP=1P A (L4cos’)/N . . . . . . . (3)

where n is the refractive index of the gas and X the wave-length of the incident
radiation. :

ScrusTER] has recently obtained this result from general considerations indepen-
dently of any particular theory.

Since n—1 and N are both proportional to the density of the gas we notice that
u(6) is also proportional to the density, as already stated.

Formula (3) shows that the intensity of the scattered radiation is twice as great
in the direction of the incident radiation as it is in a direction at right angles.
Considerable simplification in the analysis is obtained by employing the mean value of
() over a spherical surface. Thus, writing

47rﬁ=j,u(9)dw C e e (4)

(3) gives
g=%x(n—=1PYN . . . . . . . .. (5)

* RAyrmicH, ‘Phil. Mag.,” XLIL, p. 107; ¢ Collected Works,’ vol. I, p. 87.
T KELVIN, ‘Baltimore Lectures’ (1904), p. 311.
1 ScHUSTER, ‘ Theory of Optics,” 2nd ed. (1909), p. 325.
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ABSORPTION OF LIGHT IN GASEOUS MEDIA. 377

and under standard conditions of pressure and temperature,
= i (i 1ANe . . . . . (6)
We denote by «, the expression
ko = Amjiy = §70(n—1PA4N,. . . . . . . . (7)

The effect of scattering is to diminish the intensity of the incident radiation, giving
rise to the phenomenon of attenuation especially noticeable in the diminution of
intensity of solar radiation in its passage through the earth’s atmosphere. The
consideration of attenuation as due to scattering alone involves the assumption that
energy is nowhere accumulating in the gas. In order to give greater generality to
the application of the analysis we introduce a term expressing the fact that the
temperature at any point is increasing.

If E be the intensity of radiation crossing unit area of a plane at a point « in unit
time, the loss to E in a distance da in unit time due to the conversion of radiant
energy into molecular agitation represented by a rise of temperature is of the form

dE = —aBde. . . . . . . . . . . (8)

when o« is proportional to the number of molecules per unit volume, s.e., if &, and p,
refer to standard conditions of pressure and temperature, afa, = p/p,.

In the case of a pure gas a is a quantity depending on the distribution of energy
between vibrating systems within the molecules and the motions of the molecules
themselves which define the temperature of a gas on the kinetic theory scale as
proportional to the mean squares of molecular velocities.

If p be the density of the gas, s its specific heat at constant pressure and dO the
increment of temperature in time dt¢ due to the conversion of radiant energy «E dx d¢
into heat, we have

aE=pS%§,...........(9)

E being measured in calories per unit area normal to the direction of E per second.

In the case of a gas exposed continuously to external radiation we may suppose the
temperature to attain to a steady state when dO/dt = 0 and therefore & = 0 in which
case no energy accumulates in the medium. In the problem of the earth’s atmosphere,
‘however, the term « will give rise to a small diurnal variation of temperature
throughout the atmosphere. The term « may also be taken to include the effect of
dust in absorbing solar radiation without scattering as well as effects of selective
absorption if we regard « as a function of the wave-length. The existence and
magnitude of this quantity can be determined by a comparison of theoretical results
with the results of observation. Actual numerical values for air are obtained in
Part IIIL. of the present paper. '

VOL. COXIT.—A. ‘ 3¢
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378 MR. LOUIS VESSOT KING ON THE SCATTERING AND

§2. On the General Integral Equation for the Scattered Radiation.

Suppose a mass of gas to be completely enclosed by a boundary ¥ and illuminated
by a distribution of radiation whose intensity at a point (w,¥,2) is E, and whose
direction is defined at that point. Fach element of volume will scatter a certain
proportion of the radiation incident upon it, so that each element besides being
illuminated by the incident radiation is also subject to the aggregate radiation from
all the other elements within the surface Z, 7.c., to the effect of self-illumenation.
This constitutes what ScHUSTER* has called the problem of ““ Radiation through a
Foggy Atmosphere.” The problem does not lend itself easily to a complete formula-
tion in terms of differential equations, but can be expressed in terms of an wntegral
equation.

At an element of volume 8v at (x, ¥, z) the incident radiation is E. At a distance
7 from dv in a direction 6 with the incident radiation the scattered radiation crossing
unit area in unit time is denoted by I(r,6)dv+»~% Tf we wish to express the
dependence of I (7, 8) v 7=2 on the position of dv in the surface £ we write it in the
form I (z, y, 2,7, 0) dvr2

Our first problem will be to express the scattered radiation I(r, 6) in terms of the
scattered radiation I(0, 6) per unit solid angle in the neighbourhood dv.

Consider the radiation I(#», 8)dvdew coming from an element of volume & and
contained in a small solid angle dw in a direction 6§ with the incident radiation. The
intensity of the radiation crossing a spherical surface of radius # is I(r, 0) dv dw ; that
cutting the surface »+dr is

{I (r,0)+ 2 T(r,0) M} 80 do.
We thus obtain the equation
— —%I (r, 8) v do = al (1, 0) 12w 1? do dr+4xal (r, 0) r 2w r*dwdr. . . (10)

The first term on the right-hand side represents by (8) the energy lost to the element
of volume 7 dw dr by the conversion of radiant energy into a rise of temperature or
into long-wave heat radiation, which transformation we assume to go on at a
constant rate.

The second term accounts for the energy lost to the element of volume 7* Jw & by
scattering. We neglect the effect of self-illumination within the small solid angle dw
since this only enters into the equation to the second order of small quantities.

* SCHUSTER, “ Radiation through a Foggy Atmosphere,” ¢ Astrophysical Journal,” XXI, January, 1905,
p- 1. A somewhat similar problem had been previously considered by the same writer in a paper “ The
Influence of Radiation on the Transmission of Heat,” ¢ Phil. Mag.,” February, 1903. Recently it has been
shown by JacksoN, W. H. (‘Bull. Am. Soc. Math.,” XVI, June, 1910, p. 473), that the gencralized
differential equation obtained in SCHUSTER’S paper can be transformed into an infegral equation of the

Fredholm type.
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ABSORPTION OF LIGHT IN GASEOUS MEDIA. : 379

Writing « = 4= the above equation gives

-—-%I(T,B):(a—kx)I(?‘,O).. N 650
If we write
K=at+s, . . . . . . . . . . . (12
the solution of (11) is
T(r6)=T(0,0) e " . . . . . . . . . (19

which puts into evidence the variation of « and « with the density of the gas.
Consider now the radiation incident on an element of volume v at (z,y,2) :—

(1) The external illumination E which contributes to the scattered radiation
from dv an amount

1 (0) E (2, y,2) v dw;

(i) An element of volume & at («/,y,7) gives rise to an intensity
I(,9/,7,7, &) v~ at the point (x,y,2): this contributes to the scattered
radiation from Jv the amount

/u(;';;) L(«, o, 7,7, ) &' dw dv /2,

- denoting the angle between # and »’. The total contribution to the
scattered radiation from dv due to self-illumination by the entire volume X is
Swt?vj M(;;’)I(a:’, o, 2, v, )2 d,
b

the integral being taken throughout the entire volume enclosed by the
surface 2.

By definition the sum of contributions (i) and (it) is I(x,¥, 2 0, 6), so that we
obtain the following ntegral equation for the scattered radiation at and from any
point, '

—~~

I(2,9,2,0,0) = u(0) E(x,y, z)+J w(rm”) (o, 9,2, 0,6)7? o b dv', . (14)
s .

L(«, 4,7, +,6) being expressed in terms of I («/,¥/,7, 0, 6') by means of (13).

A differential equation involving F (z,y,2) is obtained by considering the rate of
accumulation of energy in an element of volume.

As soon as I(x,y,2 0,0) is known as a function of the position of the point O,
(#, 7, z), in the volume bounded by the surface =, the radiation scattered to any point
P within the boundary 2 contained in a small solid angle w is given by the formula

Tw=wjrol(x,y,z,O,G)e_ﬂlmrdr, T € X))
0

where » = PO, », = PQ, the radius vector to the boundary, and T is the intensity at
3¢32 ’
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380 MR. LOUIS VESSOT KING ON THE SCATTERING AND

P for unit solid angle. The formula (15) is easily modified to include the case where
P is without the surface Z.

It is interesting to point out the analogy which the method of the present section
bears to the ordinary procedure of potential theory. The function I(x,y,z)
corresponds to a potential function and is expressed in terms of an external effect
E (z,y,2) by means of an integral equation. The total intensity in a small solid
angle, the effect which is physically measurable, is derived by entegrating between
definite limits along a given direction.

Further progress towards a solution of (14) is impossible without a number of
simplifying assumptions which are best considered in dealing with a particular
problem, such, for instance, as that presented by the effect of the earth’s atmosphere
in absorbing and scattering the sun’s radiation.

Parr IL

§3. Application to Radiation and Absorption in the Earth’s Atmosphere.

In the following sections we shall assume as an approximation that the surface of
the earth is a plane and that the density is a function of the height above the earth’s
surface only. We also neglect effects due to reflection from the earth’s surface and to
refraction by the earth’s atmosphere.

Zenith

Zenith

The integral equation (14) for the scattered radiation in a direction 6 (fig. 1) with the
direction of the sun and coming from an element dv of the atmosphere at a height x
above the earth’s surface, takes the form

— ’ / o,
I(x,o,e)_—_M(e)E(w)JrLM(W)l@-;,——?"))e‘f»“’ ds, . . . .. (16)

where the integral is taken throughout the entire atmosphere.
In order to simplify the solution of (16) we assume that the scattered radiation
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ABSORPTION OF LIGHT IN GASEOUS MEDIA. 381

from a molecule can to a first approximation be taken equal in all directions, #.e., the
equation can be reduced to one with a single variable by writing

w(6) = u () = &

Equation (16) may now be written, since dv’ = 7% dw’ dr”,

Ie) = a8 () +a| T@)e b doar. . . (D)
)
Remembering that g/, = «/c, = afa, = K/K, = p/p,, we now employ the transforma-
tions
R=[2dn X=[fin H=| L JO=LIE, . . (9)
0 Lo 0 o 0 Po P

and (17) now takes the form
T(X) = B (X)+ 7 | J(X) e daf AR, ..o (19)

while (15) transforms into

Tw=wr°J(X)e‘K"RdR. (20

0

The integral on the right-hand side of (19) must now be taken throughout a
homogeneous atmosphere of density p, included between the planes X = 0 and X = H.

-~~~ -~ -=~>]

' X
)

Fig. 2.

Expressing the integral in (18) in cylindrical co-ordinates (¢, ¥') (fig. 2), we have

AV dX ¢ de dy

/ ’
de’ dR’ = R2 — f/2+(X’-—X)2 ’

where v/ is the azimuth of the element of volume dV’ referred to some fixed direction
of reference. The integral then becomes

, 7 2 [ exeere—xh € dE
j‘xr J (X)dX L dns L e (X=X

The last integral when integrated with respect to £ gives

* 1 4 ! .
L o-Kol£?+(x'~X)7] 125_'2_45%%(? = —1 {-K, (X'-X)} when X<X'<H

and = —Hi {—K,(X-X')} when 0<X'<X,
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382 MR. LOUIS VESSOT KING ON THE SCATTERING AND

where i (—x) is GLATSHER'S* Exponential Integral denoted by

Ea

Ei(—x)= —J‘ wletdu., . . . . . . . . (21)
The integral equation (19) now takes the form
J(X) = ,;OE(X)_%%DXJ(X')E@'{ KX =X)L X+ j“J(X/)Ez'{ —KO(X’—X)}oZX’]. (22)
0 X

[The differential equation by means of which E may be expressed as a function of
X can be obtained by a consideration of the rate of accumulation of energy of the
direct solar radiation between the planes x and x+dx. An analysis similar to that
by means of which equation (13) was obtained, together with the transformations of
equation (18), lead to the expression ‘

E(X) = Sefo®-Wsecc ... (28)

where 8 is the intensity of solar radiation outside the earth’s atmosphere corresponding
to a given wave-length and ¢ is the zenith distance of the sun.

If we consider the rate of accumulation of the total energy (including both direct
and scattered radiation) between the planes z and = +dz, it can be shown by making
use of the integral equation connecting the direct with the scattered radiation that
the exponential law of transmission expressed in (23) is valid.t]

Tt is well to state clearly the assumptions involved in obtaining (13), (19), and (23) :—

(1) In obtaining the differential equation leading to (13) the direct radiation is
considered independently of the scattered radiation within the small solid
angle o.

(i1) The integral equation (22) assumes as an approximation that the radiation
scattered by an element of volume is distributed equally in all directions.

(ii1) With these two conditions it can be shown from a consideration of attenuation
of total radiation in a thin layer dax that the ordinary exponential law of
transmission (23) follows ; s.e., that the transmission of direct radiation
may be considered independently of the scattered radiation.

(iv) By means of the transformation (18) it is shown that the problem of scattered

* (GLAISHER, ¢ Phil. Trans.,” 1870, p. 367.

[t Note added Seplember 20, 1912.—The calculation referred to was given at length in the paper as
originally communicated ; the analysis is, however, somewhat tedious and hardly necessary in view of the
fact that (13) is obtained according to the assumption that the direct radiation is considered independently
of the scattered radiation within the small solid angle . It is to be expected, therefore, that the
altenuation of direct radiation in a parallel beam of solar radiation may be considered independently of
the scattered radiation consistently with the above assumption leading immediately to (23); the considera-
tion of the attenuation of the total radiation confirms this point and leads to the same result. The writer
is indebted to the referees for the above suggestion. ]
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ABSORPTION OF LIGHT IN GASEOUS MEDIA. 383

radiation in the earth’s atmosphere reduces to the case of an atmosphere of
uniform density contained between two parallel planes X = 0 and X = H.
This transformation is independent of any law of density with height,
provided the planes of equal density are parallel to the earth’s surface.

§4. On the Approximate Solution of Integral Equations.

The integral equation (21) is of the Fredholm type,*
u () = f(m)+j:u K (we)dé . . . . . . . (24)

Except for special forms of the kernel K (z, £) the formal solutions of (24) do not
lend themselves easily to numerical evaluation: we therefore develop a method of
approximation which applies with sufficient accuracy to the problem in hand.

Suppose for all values of  between @, and x, that f(x) lies between A and a (A>a).

Then to a first approximation .

z3

u () lies between A+Ar K(xz, €)dé and a+ aJ K (z, £) d¢,
provided K (z, ¢) is everywhere positive.

‘We write
¢(oc)=j"K(x,g)ol§, Lo (29)

Z

then if for all values of x, ¢ (x) lies between B and b (B>b) we have to a second
approximation :

a+(a+ab)b<u(z)<A+(A+AB)B,
. a(1+b+0%)<u(z)<A(1+B+B?).

A repetition of the process shows that

a(1+b+0+07+...) <u(z) <A (1+B+B*+B’+...).
If |B| < 1 both series are convergent and

a<u(x)<e, where ¢ =afl—b and e=A/1-B. . . . (26)

Substituting in (24) we see that the solution u (x) lies between the limits

u () = f(2)+ep(x), and u,(x) =f(x)+ep (). . . . . (27)

u, () and u, (x) may be called the extreme solutions.

* (f. BoCHER, M., ¢ An Introduction to the Study of Integral Equations,’ Cainbridge, 1909, p. 14;
also BATEMAN, H., “ Report on the History and Present State of the Theory of Integral Equations,”
¢ Brit. Assoc. Report,’ 1910, p. 25.
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384 MR. LOUIS VESSOT KING ON THE SCATTERING AND

If now a represent the mean value of f(z)between x, and x,, 7.e.,

. 1 T2
" Lf(x) de, . .. ... . . (28)
and B stand for the mean value of ¢ (x) between z, and ., .c.,
1 Za, :
B = p—— L pla)da, . . . . o L. (29)

while ¢ = af(1—p), the solution @ (z) = f(z)+e¢ (x) may be called the mean solution,
while the three solutions may be expressed in a single formula by the notation

u(x):f(oc)+<zl>¢(%) R 1))

€

We notice that u, (x) <u (x) <u,(x). In the applications to be considered, u, (x)
and u, (x) are sufficiently close to warrant the use of the mean solution @ (z). As
long as @ () does not depart far from the arithmetical mean of the extreme solutions,
+ {u, () +u, (2)}, we may take the value of @ (x) to represent an approximation not
far removed from the exact solution of the integral equation (24).

It is perhaps worth noting here that to a higher degree of approximation the
approximate solution of the integral equation may be written

"2 Z)Gl
u (@) = £o) + Lf(s>K<w,s>ozs+<§e>¢<w>.. )
€2
In the following sections the solutions (81) involve the evaluation of troublesome

integrals, so that the simpler but somewhat less accurate approximations given in (30)

will be employed.

§ 5. On the Solution of the Integral Equation for Sky Radiation.

In the integral equation (22) we may express to a first approximation the
dependence of the scattered radiation in any direction on the angle which that
direction makes with the incident radiation by retaining the term u,(6) instead of g,
in the first term of the right-hand side of the equation which may be written, on
making use of (23),

T (X) = po (6) Semoti-ms _1, Uj J (X) Hi { =K, (X=X')} dX’

N j:J(X') Bi {-K, (X'=X)} dX']. . (32)
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In the notation of the preceding section we have to solve the above integral
equation for

u(X) = J (X)/Su, (6).

A=1 and a:e—K“Hsecc, e e (33)

We have

while
H

6 (X) = —be, DX B =K (X=X} X+ [ Bi (=K, (X'=X)} dX’].

0

If we notice that

j —Bi(—az)de = f(ac)a, . . . . . . . . (34)

where
S (@) =e*+aki(—x) = mf e‘“@” du, . . . . . . (85)

we find
¢ (X) = £[2— f(KX) = f{K, (H=-X)} /Ko . . . .. (36)

This expression is symmetrical with respect to the plane X = $H, where it has its
maximum value. The minimum value of the expression occurs at X = 0 and X = H.
We write for brevity

C=K,H, ¢ = kH, v = a,H, C=c+y. . . . . (37)

We then find
B={1-f(#C)}c¢/C and b=3%{1—7(C)}c/C. . . . . (38)

We also have ;
" = H“JH Ko-Dseot X = (1—¢-0t)/(gec §, . . . (39)

0

or, introducing the notation

Gx)=(0—e)fz, . . . . . . . . . (40)

a=G(Csecd). . . . . . . . . . . (41)

we have

Further, we find
H
g=H"| ¢(X)dx,
0
or

g =410 [ (- (KX ax+ [ 1= /(K (H=X)}] dX | ofC,

g =C UG (1= F(u)} olu] o/C.

* The function f (z), as defined above, occurs in a number of absorption problems. Its properties are
described in a paper by the writer (King, L. V., ¢Phil. Mag.,’ February, 1912, p, 245), where a short
numerical table of the function is given.

YOL, COXIL.—A. 3D
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It can easily be shown by integrating by parts that
C
j Fluydu =3 (1= +5CL(C), . . . . . . . (42)
0

B={1-4F(C)-G(C)}e/C. . . . . . . . (438)

Finally we obtain for e, ¢, ¢ the expressions

so that

_ 1
? 7 y[C+ fZO)¢[C

. = G (Csec §)
y[C+5{f(C) +G(C)} ¢/C"

6—0 sec ¢

T VO I+ F(O)efCT

The approximate solution of (32) may now be written

(44)

~

M«:'((gi)s=6—K0(H—X)sect+<zl>¢(X),. e .' .. (45)

where ¢ (X) is defined by (36) and the values ¢, ¢, ¢ are given by (44) and are
employed in (45) according as we wish to make use of the extreme or mean solutions.
From (20) the radiation scattered to a point on the earth’s surface, contained in a
small solid angle » in a direction ¢ with the vertical, is given by
Ro

ol = o j J(X) 5% dR,

0

Since R = X sec ¢ this equation becomes
H
T (¢, §) = sec ¢J e RXseod J(X)dX, . . . . . . (46)
0

where the dependence of the sky radiation per unit solid angle on the direction ¢ and
on the zenith distance of the sun ¢ is denoted by T (g, ¢).

If we denote by wR (¢, {) the radiation to a point at X = H contained in a small
solid angle w pointing earthwards in a direction ¢ with the vertical, we have

Rig¢) =sec | eMOD=s (X)X, . . . . .. (1)

Substituting for J (X) from (45) we obtain from (46)

T (9{), §) = py (6) S sec (){) {G_K"H sec ¢ J:I e~ KX (sec p—sec {) dX+ <€1> j:{ e—KqX§ec¢ ‘P (X) dX}

€3
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The first term in the brackets may be written
e Cx? G {(sec {—sec ¢) C} C/K, if {> <;>}
e~Cset G {(sec p—sec {) C} C[K, if ¢ > ¢ '

or

(48)
The evaluation of the second integral is more difficult ; we have

fe—m =iy (X)dX = & fe—m et [ £(K,X)—f{K, (H=X)}]dX. . (49)
Writing K X = u, the above integral takes the form |

_Lg_ 2(1—6_05%‘#) _ C —u sec __,~Csecd ¢ u sec -J
2KOC[ sec ¢ Le S ) du—e Le Sluydu ). (50)

We denote by B(x) and B(—x) the functions
B (z) = E¢ (—x)—log =, B(—x) = Ei(z)—loga. . . . . (51)
The expansion when z is small of the exponential integral is

373 w4

i 59
sits T gt o - (62)

2.

Ei(x) = y+%log a*+x+

where y 1s EULER’S constant, y = 5572 and the expansion holds for both positive and
negative values of x.
Thus when z is small the expansions for B (z) and B (—zx) are

3

X X
B(m)_y—m+2_2! ACITRER
and . Y :1:))
. 932 ‘,1/.3
B(=a)=ytot ooyt gt )

It can be shown that the integral

rf(am) e dx = %—{1—6‘57(%)}

v

i
¥

2 S I B G § .
+1 [blogla_'_b[ Lo i (~ac)+ LB { (OH—Z))(,}].. (54)

The result holds for positive as well as negative values of b provided the argument
of (w+b) ¢ in the logarithm and in i {—(a+0) ¢} is the same. ;
By means of this result and in the notation defined in (51) it can be shown that

(50) reduces to

1e 1 1
ZCKOSOC¢¢(O’¢) B 1))

3 D2
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where

®(C, ¢) = (1—e ) {1=f(C)}
+cosp[B(C)=B{C(1 +secg)} +e 0= {B(C)-B[—C(secp—1)]}].. (56)

We notice that for ¢ = 0, sec ¢ =1,
®(C,0) = (1 —e_”C){l—-f(O)} +B(C)-B(2C) +e ¢ {B(C)—y}, . . (57)
where y here stands for EULER’S constant.
For ¢ = %, sec ¢ = oo (56) reduces to

O(Chn)=1-7(C). . . . . . . . . . (58)

From (48) and (55) the expression for the intensity at the earth’s surface of
radiation from that portion of sky which is in any direction ¢ with the vertical and
azimuth + measured from a vertical plane through the sun is, for { > ¢.

T (g, ¢) =% (G)S LCse-cgbe“’se“"’Gr{C(sec {—secp)t+ %—&( ><I)(C $) |, (59)

while for {<¢ we have

T (g, §) = ’LO(O)S Csec et G {C (sec ¢p— secg“)}+2(,<><1)(0 ¢) |. (60)

From equations (3) and (7) we notice that
o (0) = 3 (1+cos?8) @, = § (1+cos? ) kyfdr,

Suo (0)/Ky = S (47) " § (1 +cos?0) ¢/C. . . . . . . (61)

so that the factor

From the polar diagram fig. 1 we see that
cos @ = cosp cos {+ singsin{eosy. . . . . . . (62)

The first terms in equations (59) and (60) give the contribution to the intensity of
sky light due to the sun’s radiation which has been once scattered by the atmosphere.

If C is small and if the attenuation is due to scattering only, (¢ = C), the first
term of (60) gives for the scattered radiation coming from a direction ¢ the value

(47)'SE(1+cos’0) csecp . . . . . . . . (63)

which agrees with the value obtained by KeLvin.*
The first terms in (59) and (60) taken as they stand with C = ¢ take into account
the fact that both the incident and scattered radiations suffer attenuation : this effect

* KELVIN, loc. cif. equation (19), p. 313,
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is considered in a formula obtained by Ravreiga.* The term y in C = ¢+ allows
for attenuation by absorption alone (z.c., without scattering). The second terms in
(59) and (60) represent the contribution of self-illumination to the scattered radiation
coming from any particular direction. An evaluation of this effect has not, so far as
the writer is aware, been submitted to calculation although the importance of the
effect is realized both by Krrvint and RavLeIeH,* and in an analogous problem by
LommeEr.}

The expressions (59) and (60) for the scattered radiation from any direction besides
depending on the coefficients of absorption for the radiation of wave-length under
consideration, depend also on the angular co-ordinates of direction ¢ and v as well as
on ¢ the zenith distance of the sun. If we consider the intensity from zenith sky the
expressions are greatly simplified. Writing ¢ = 0 and 6 = ¢, (59) gives,

T(o,g):ﬂolg)s Ce‘“G{C(sec§—1)}+%é—<§:><b(0,0) .. (64)

where ® (C, 0) is given by (57) and is tabulated in Table V.

It is not difficult to construct a double-entry table in terms of C and ¢ giving the
values for the functions which occur in (64) so that observations on zenith sky are
most appropriate for comparison with the results of calculation from the attenuation
coefficients determined by observations at the same time.

" The intensity of sky radiation from the direction of the horizon <¢ = 72—r> is given by

T<721’§>=“—(K6?)-S e—Csec§+%§<€>®(O,%7r) s e e e (65)

€9

where by (62) 6 is given by cos § = sin { cos ¢ and @ (C,%x) is defined by (58). It
will be noticed that this formula unlike the approximate one (63), obtained by KrLvIN,

* RavreicH, ‘Phil. Mag.,” XLI., p. 116.

1 KELVIN, loc. cit., p. 302, sect. 54.

t LommEL, E., ¢Sitzungb. der math.-phys. Classe der K. Bayer. Akad. der Wiss., Bd. 17 (1887),
p- 95; (the analysis is reproduced by MULLER, ¢ Photometrie der Gestirne,” Leipzig, 1897, pp. 47-52).
In working out the scattering of radiation by opaque, diffusely reflecting surfaces on an absorption
theory, LOMMEL obtains a first order approximation to the effect of self-illumination in giving rise to
deviations from LAMBERT’S Law of diffuse reflection, the modified formula being referred to as the
Lommel-Seeliger Law of Illumination. This problem is included as a particular case of the investigation
of the present paper. LoMMEL’'S formula for diffuse reflection is represented in the present instance by
equation (69), which is the solution of an integral equation expressing exactly the effect of self-illumination.
MULLER points out that even LoMMEL’S modification of LAMBERT'S Law does not represent exactly the
results of observation on diffuse reflection ; it may happen that the more complete solution represented by
(69), adapted to the case of intense absorption, gives a better representation of fact. This point must,
however, be left over for further investigation. '
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remains finite, although its application to the case of the earth’s atmosphere is some-
what invalidated by the curvature of the earth.

On examining (59) it will be noticed that as long as C is not too large we may
write

T(¢,§)=';%(?—;sec¢T(O,§):}i—i::—z—?secqu(O,f),. .. (86)

which may be taken as a rough approximation for the intensity of sky-radiation from
any direction not too close to the horizon where (65) must be used. When C is large
the wave-length corresponding is small, and the intensity in the normal solar spectrum
outside the atmosphere also becomes small. Hence the formula (66) is sufficiently
accurate when the total intensity on a horizontal plane is required. Denoting by
H ({) the intensity of scattered radiation of wave-length A received per unit time on
unit area of horizontal surface, we have

H (&) = [T (p, ) cos g do,

the integral being taken over the entire sky.
Since dw = sin ¢ d¢ dil,, we have

1

2m
H () = j ol«,bjo T(g,Ocospsingdg, . . . . . . (67)
and making use of the approximation in (66) we have

H () = L(0: ) f" iy j’”’”u +cos? ) sin ¢ dep.

1+4cos?Jo 0

The total intensity for all wave-lengths per unit area of a horizontal surface is
given by

o0

j:H(f)dngT—J%S??)joT(o,f)dx. N (1)

Of some interest is the intensity of the radiation which is scattered from the
atmosphere back into interplanetary space. If we write (H—X) for X in (47) we
notice that

R(¢, ) =sec f e~FoXsed J(H-X)dX ;

we also notice from (86) that ¢ (H—X) = ¢ (X).
We thus obtain from (45)

R ($,) = 10 (6) S sec ¢ { j oKX Geedrsed) X 4 <> J erioxret ¢ (X) dX] :

€y
which reduces to

R(p,0) = "i"_%%)_s [C sec G {C (sec ¢ +sec {)} +% é <zl> @ (C, ¢)] . . (69)
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We notice that R (¢, {) is only approximately equal to T (¢, {) when C is small, s.e.,
that the usual assumption that as much radiation is scattered in the direction of
incidence as in the opposite direction only holds approximately when the coefficient of
attenuation is small.

§6. Note on the Polarization of Sky Radiation.

It is well known that sky radiation is partly polarized in a vertical plane passing
through the position of the sun (the principal plane): in so far as the radiation to be
scattered is ‘direct solar radiation, the polarization ought to be complete. That
portion of the sky radiation due to self-illumination is largely unpolarized and may to
a large extent account for this deficiency from complete polarization: this point is
mentioned by RAYLEIGH in his 1871 paper and the analysis of the present paper
enables the magnitude of this factor to be roughly estimated. The complete solution
of the problem from this aspect would require us to split up the incident radiation
into two components, one of which is polarized in the principal plane, the other at
right angles to it: the effect of self-illumination would lead to two simultaneous
integral equations in three variables, the solution of which would be much too
complicated to be useful.

- If, however, we refer to equations (59) and (60) it will be noticed that the
expression for the intensity of sky radiation may be written in the form

T, 0) = 1 (0) S {P (3, 0+ Q5 O}/K, . . . . . . (70)

where P (4, {) stands for the first term in the brackets of (59) or (60) and

€
Qg 9) =%§<e><b(0, ?)
€2
represents the effect of self-illumination.

- In default of a rigorous solution it is not unreasonable to suppose that the portion
of the scattered radiation due to self-illumination is independent of the angle of
polarization of the incident radiation. As far as the primary scattered radiation alone
is concerned, the intensities polarized in the principal plane and in a plane at right
angles to it are in the proportion 1 to cos?d. Thus from (70) the ratio of the sky
intensities polarized in the principal plane and in the plane at right angles to it are
given by the ratio

T1(¢’§)= P(¢,§);FQ(¢,§) N ()
Ty (4, 8)  cos®0P (g, )+Q (g, )

If we make use of the approximations of equation (66),

P(g,{) =sec¢ P (0,0) o (0)/ma($),  Q(4:8) = sec g Q(0, §) 1o (6)/mo ()
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(71) may be written

T, (¢, {) — cos® 0+Q (0, /P (0, ¢) 72)
T, (4,0 1+Q(0,0/P(0,0) =~ ~ = =

From this formula we see that sky polarization is most complete for 6 = 4=, v.e.,
over a great circle an angular distance 37 from the sun polarization would be
complete in light from this direction if Q (0, {) were zero, 7.e., if the effects of self-

illumination were negligible.
Tor the sake of comparison with observation the ratio T, (¢, {)/T, (s, {) is calculated
for zenith sky, (¢ = 0), in the form

T, (0,8 _ _1+Q(0,9/P (0,9
T + S (73)

) " eos” S+Q(0, 7P (0,9

o~ [~

Parr ITL

§7. Analysis of Observations on the Attenuation of Solar Radiation by the Harth’s
Atmosphere.

The intensity of solar radiation transmitted to a station at a height 2 above sea-
level is given by equation (23) in the form

E(X) — Se—Ka(me)socS;
where

X:j:tf-;;dx, and H=j:g;dx

represents the height of the ‘“ homogeneous atmosphere.”
Thus

, ) dx
o . P
H~X=j L dw, sothat - X:jg; =L

xPOI H dea: Do

0

where p and p, are the pressures of the atmosphere at the station and at the sea-level
respectively. 'We thus have, writing C, = Cp/p,, the expression

E(z) =Se-0t . . . . . . . . . . (74)

If the heights of the barometer at the station and at sea-level are known at the
time of observation, the comparison of absorption coefficients is independent of the
law of variation of atmospheric pressure-gradient with height.
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We notice from (37), writing C = ¢+y = «,H +a,H,, that

C = 327 (ny— 1P A"*H/N, +a,H,
e, N ¢4))
*CO = B+, where B =327 (n,—1)HIN,,

which gives

Cmpolpzﬁk_‘*-!—'y.. e e e e e (76)

Extensive observations on the determination of the coefficient of attenuation C, for
different wave-lengths have been carried out at various stations by the work of the
Smithsonian Astrophysical Observatory.t The mean coefficients of atmospheric
transmission for Washington, Mount Wilson, and Mount Whitney have recently been
given by Assor.} These are quoted in Table I, while for the sake of independent
comparison, the results of MOTLER§ for Potsdam are also added.

In order to study the correctness of formula (76) the coefficients of transmission for
the different stations are plotted on a base \~*, A being measured in microns (10~* cm.).
The results are shown in Diagram L., and give rise to a number of straight lines. If the
absorption were due to air-molecules alone, (76) shows that we should obtain a family
of straight lines all passing through the same point (A\~* = —4/8). The straight lines
actually obtained show that some variable factor in the atmosphere other than the
molecules themselves is effective in attenuation, especially for stations below the level
of Mount Wilson. This factor is generally referred to as atmospheric “dust.” A
slight generalization of the analysis by which (76) was obtained enables us to interpret
the results shown graphically in Diagram 1.

Let N’ be the number of *“ dust” particles per unit volume at a height « above the
earth’s surface. The coefficient of attenuation, which includes the effects of scattering
and absorption hoth by air molecules and by ““dust,” may be written in the form

0,:(/a/\—‘t+y)p/pl,+K'0(>\)j NN (4
z ANy

where N’y is a constant representing the number of dust particles per unit volume at
the earth’s surface, and K/, (\) depends on the nature of absorption and scattering by
the dust particles. The distribution of “dust” N’ in the atmosphere may be regarded

* The representation of the coefficicnt of attenuation as the sum of two terms, one constant and the
other varying inversely as the fourth power of the wave-length, seems to have been first recognized by
BrckER (see KuLviy, ¢Baltimore Lectures, p. 321, equation 33) from an analysis of MUTLLER'S
observations.

T ¢Annals of the Smithsonian Astrophysical Observatory,” vol. IL, by C. (. Anror and F. . FowLz,
Washington, 1908. Referred to subsequently as ¢ Annals,” vol. II.

t Amsort, C. G., “The Sun’s Energy-Spectrum and Temperature,” ¢ Astrophysical Journal,” XXXIV.,
October, 1911.

§ MULLER, G., “ Photometrie der Gestirne,” Leipzig, 1897, p. 140.

VOL., CCXIT,—A. 3 B
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as an unknown and variable quantity. Diagram L. shows that for Mount Wilson and for
Mount Whitney the effect of “ dust ” is small, #.¢., we may take N’ = 0 for x greater
than 1780 metres. In this case (77) reduces to (76) and the attenuation may be
taken to be due almost entirely to the effect of air-molecules, while the existence
of a small term, y, indicates that even in the comparatively dust-free air above Mount
Whitney there is a small amount of attenuation by absorption, z.e., a direct conversion
of solar radiation into thermal agitation of atmospheric molecules.

We notice from Table II. that for the comparatively dust-free air above the
level of Mount Wilson the value of 4 under standard conditions of pressure is
y = a, H = 032, or, since H = 7988 x 10° cm. at 0° C., the value of «, is

ay=40x10%em.” . . . . . . . . . (78)

On referring to (8) we notice that «, is the fraction of radiant energy converted per
centimetre of path into thermal molecular agitation. This fraction is greatly increased
by the presence of small solid particles such as “dust,” &e. From (9) we can estimate
the rate of increase of temperature in a gas under atmospheric pressure due to solar
radiation passing through it.

We have 20 — %l from equation (9).

dt 008 :

Taking the value of a, for dust-free air from (78) and writing F = 192 calories per

minute, p, = ‘001293, s = 237, we find
4o
ot

2'5x 10~* degrees C. per minute L

(79)

= 1'5x 107* degrees C. per hour J

In the case of ordinary air at sea-level, the Washington observations from Table II.
show that the rate of increase of temperature calculated in (79) must be increased to
about six times this value.

With regard to sea-level stations, Diagram L seems to indicate, hoth for the
Washington and Potsdam observations, a marked change in the nature of the
absorption due to “dust” in the neighbourhood of ‘610u. We therefore discuss
separately the case of long-wave rvadiation (\>>'610ux) and short-wave radiation
(\<610p).

(i) Long-wave Radiation (\> 610u).

For long waves the straight lines of Diagram L show that the term K', (\) of (77)

must be of the form
I{l0 (x) — 18”>\_4+V”,

where 8”7 and y” are constants for the range of wave-lengths greater than "610x.  This
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indicates that the presence of “dust” gives rise to both absorption and scattering ;
(77) may then be written

]fP //j-_,_ IF;/]_Q_
p X‘{U’QJFB ‘J+ po,......(so)

y * N’
T = Po | N )
v+ P 0% L N,de

where

Diagram T. shows clearly that for long waves the straight lines both for Potsdam
and Washington intersect in the same point, \™* = —/B, as do the lines for Mount
Wilson and Mount Whitney.

From (80) this result requires that

Bly=p", . . . . . . . . .. (81)
a condition which is independent of the law of distribution of the “ dust” particles.
The ratio & is proportional to the ratio
Y

energy of incident wave scattered by small particles
energy of incident wave converted into molecular agitation’

and (81) indicates from the results of observation that for long-wave radiation this
ratio is independent of the nature of the scattering particles, whether “dust” or air-
molecules.  This result throws some light on the question raised at the end of §1 as
to the mechanism by which the molecules of a gas can convert a portion of the
radiant energy incident upon them into thermal molecular agitation. The same
mechanism which is effective in scattering radiation is also capable of effecting
molecular velocities, and therefore the rate of increase of temperature in such a way
that the ratio Bfy is independent of the nature of the molecule or even of the small
“dust” particle giving rise to the absorption and scattering.

(ii) Short-wave Radiation (A<'610u).

For short waves we may suppose that the incident radiation is not scattered by
the dust-particles but is absorbed and converted into heat. On this supposition K, (\)
in (77) is of the form 4/, where 5/ is a constant independent of the wave-length.
Tquation (77) then takes the form

> N y ,
C, = \"Bp/po+vplpy+y' | = dx = N"Bplp,+1"plp,. . . . (82)
= N, ]

The slope of this line in the graphical representation of Diagram I. is given by

tan @ = Bpfp, . . . . . . . . . . (83)
and is independent of the distribution of “dust ” in the atmosphere. This conclusion
is justified by calculating B for the various stations from the slope of the lines in

3 B 2
S
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396 MR. LOUIS VESSOT KING ON THE SCATTERING AND

Diagram L. and a knowledge of the mean barometric pressures at these stations. The
results are tabulated and described in Table 11, From these values of 8 we may by
(75) calculate N, the number of molecules in a gas under standard conditions of
pressure and temperature.  We take n,— [ = "000293, H = 7988 x 10" em. at 0° C,
and (71) then gives

N, =2269%x10"/8. . . . . . . . . . (84)

The results for each set of observations are given in Table LI.  The values of N agree
remarkably well among themselves, and give for a mean value®

Ny=232x10"% . . . . . . . . . . (8))

This result is in substantial agreement with the value of N, obtained by
RurterrorDp and GEIGERT
N, = 272 x 10",

and with the value obtained by Mintigan] from a recent determination of the
elementary electrical charge, ¢ = 4891 x 10" ES.U., which gives

N, = 2644 x 10",

taking the Faraday constant to be 9'655 absolute JLM. units. This agreement
indicates that for short-wave radiation the scattering is almost entirely due to air-
molecules, while the effect of “dust” is to produce a genuine absorption effect, i.c. a
direct conversion of radiant energy into heat.
The term ,
(o

Vo= Loy e (86
v p 4 Jl‘ N/(» ( ))

involves the distribution of atmospheric ““ dust” and may therefore be expected to be
an extremely variable factor with vespect both to place and time. The method of
analysis of the present section offers a convenient method of studying the variations
in the distribution of atmospheric “dust” and their connection with other
meteorological phenomena.

* The close agreement of coefficients of attenuation calculated from the formula ¢ = B/A%, using
RUTHERFORD and GEIGER’S value of Ny, with coefficients calculated from observations on selected clear days
at Washington and Mount Wilson, was pointed out by Scuustir (¢ Molecular Scattering and Atmos-
pheric Absorption,” ¢ Nature,” July 22, 1909 ; ¢ Optics,” 2ud ed., 1909, p. 329).

1 Rurnervorp, K., and Gricur, L, “Charge and Nature of the a-Particle,” < Roy. Soc. Proc.,” A,
vol. 81, 1908, p. 171.

I Minuikawn, R. A, “The Isolation of an Ton, a DPrecision Measurement of its Charge, and the
Correction of Stoxrs’ Law,” ¢ Phys. Rev.,” XXXIIL., April, 1911. A summary of the various physical
measurements which lead to the value of Nj is given by PERRIN, J. (* Annales de Chimie et de Physique,’
8me gér., September, 1909, translated by Soppy, F.; ¢ Brownian Movement and Molecular Reality,” Taylor
and Francis, 1910, p. 90). ‘
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ABSORPTION OF LIGHT IN GASEOUS MEDIA. 397

§ 8. On the Intensity of Sky Radiation as Calculated from the Mean Coefficients of
Attenuation at Mount Wailson and Washington.

It will be noticed from (64) that the intensity from zenith sky for different wave-
lengths can be expressed in terms of the zenith distance of the sun and the coeflicients
of attenuation C, ¢, and y which are determined for a given station by an analysis of
atmospheric transmission observations according to the method of the preceding
section. In order to simplify the calculations from (64) the various functions of
C and ¢ which occur in this formula are tabulated in Tables III., IV., and V.

The intensity from zenith sky is then worked out for the two stations Mount
Wilson and Washington from the mean coeflicients of attenuation at these two places.
In the first case the numerical values corresponding to the extreme and mean solutions
of the integral equation are carried throughout all the calculations and in this way
give the limit of errors due to an approximate solution. In the second case, which is
taken as typical of a sea-level station, numerical values corresponding to the mean
solution of the integral equation are alone given, the reason being that the absorption
at sea-level is an extremely variable quantity which would give rise to fluctuations
in sky radiation probably exceeding the difference of the extreme solutions.

Zenith intensities of sky radiation for different wave-lengths and for various zenith
distances of the sun are given in Table VI. for Mount Wilson and in Table VIIIL. for
Washington. The unit of intensities is arbitrary and is that employed in Table I. for
the normal solarespectrum outside the earth’s atmosphere. The results are shown
graphically in Diagrams II. to VIL for Mount Wilson and in Diagram XIIL
for Washington. From these curves it is possible to obtain by double interpolation
the intensity from zenith sky corresponding to any wave-length and zenith
distance of the sun. In this way a comparison was made of the quality of sky
radiation obtained by calculation with that obtained experimentally at Mount
Wilson.* The results are given numerically in Table X. and are compared
graphically in Diagram XIII.

By integrating the curves for the zenith intensity and making use of the
approximate formula (66) we are able to obtain a rough approximation to the total
intensity of sky radiation from any direction. On comparing (66) with (65), for which
¢ = %, it must be noted that the first of these formule can only be used for zenith
distances which are not too great. It will also be noticed that T (3=, {) does not
vary as rapidly with the wave-length as 1'(0,{). The nature of the scattered
radiation from a portion of the sky near the hovizon is governed principally
by the term Se ¢*¢¢ 4., it is of nearly the same quality as the direct sunlight
except for the contribution to the intensity due to the second term in T (4=, ¢)
which represents the effect of self-illumination. This feature 1s not shown by

* ¢ Annals,” vol. 11, Table 32, p. 155.
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398 MR. LOUIS VESSOY KING ON THE SCATTERING AND

expressions for sky radiation hitherto obtained; in fact the whitish colour of the
sky near the horizon was considered by Krrvin® to be an objeotion to the theory of
scattering.

By calculating the values of the intensities of solar radiation which reaches the
earth’s surface for various zenith distances of the sun and for various wave-lengths,
and by integrating the curves so obtained, we obtain the values of the total intensity
of solar radiation reaching the two stations Mount Wilson and Washington. Taking
the value of the solar constant to be 1'922 calories per square centimetre per
minute,f the results are given in the same units and arve calculated for solar
radiation incident on a plane normal to the sun’s rays as well ag for the solar radiation
incident on a horizontal plane. The results are given in Tables VII. and 1X., and
are shown graphically in Diagrams IX. and X.

These results enable the value of the total sky mtensity in any direction to be
compared with the intensity of direct solar radiation at the station in the form
sky[sun for equal solid angles (semi-diameter of sun taken as 16’ of arc). The results
are given in Tables VII and IX., both for Mount Wilson and Washington, and are
shown graphically in Diagram XI.

By interpolation from the diagram just mentioned the values of sky/sun for
various directions of sky and for various zenith distances of the sun are compared
with the values observed at Mount Wilson.] The comparison is made in Tables XT.
and XIIT.; the results of calculation are in fair agreement with observation
except for regions of sky near the sun and near the horizon. The first of these
discrepancies is probably brought about by the simplifying assumption made in

equation (17) by writing i for w(9) and « (7/7’) The existence of such a term
depending on an angular co-ordinate complicates the integral equation beyond hope
of solution ; it can be seen, however, that its existence gives rise to a bright region
of sky in the neighbourhood of the sun not represented by the approximate solution
considered in the present paper. The discrepancy which exists in the case of direc-
tions of sky near the horizon is due to the failure of the approximate formula (66)
for large values of ¢. In such cases the complete formula (60) should be employed.
The use of this formula would require the tabulation of functions of two and three
variables, which might be undertaken when more numerous and more accurate
observations on sky radiation are available. It must be remembered in making these
comparisons that the result of sky observations on certain specified days are com-
pared with values based on mean coeflicients of attenuation. The only satisfactory
method of making the comparison 1s to obtain sky radiation observations on the
same day as observations are made for the coeflicients of attenuation of solar

* Krrvin, loc, cil., p. 307.

+ Aspor, C. G., and FowLn, F. K., “The Value of the Solar Constant of Radiation,” ¢ Astrophysical

~Journal,” XXXIIL, April, 1911, p. 191.
I ¢Annals,” vol. 1L, Table 32, p. 151.
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ABSORPTION OF LIGHT IN GASEOUS MEDIA. 399

radiation.* In the present paper no account is taken of the reflecting power of the
earth’s surface. The tolerable agreement between the results of observation and
those of a theory based on a non-reflecting surface shows that for an ordinary land-
scape the effect of reflection from field and foliage need not be as great as is sometimes
supposed. The effect of snow on the polarization of sky radiation is well-known} :
on this point Lord RaYLEIGH mentions in his 1871 paper the interest which would
be attached to sky radiation observations taken over a landscape’ covered with snow
or over the sea, reflection from these surfaces being in both cases especially
determinate.§ v

For meteorological purposes it is important to know the total solar radiation
incident on a horizontal plane as well ag the contribution due to sky radiation. The
results are given in calories per square centimetre per minute for Mount Wilson and
Washington in Tables VII. and IX., and are shown graphically in Diagrams IX. and X.
It will be noticed that for large zenith distances of the sun the contribution of sky
radiation to the total radiation on’a horizontal plane is a very considerable fraction of
that due to direct solar radiation. The factor of sky radiation is thus of considerable
importance in the meteorology of northern latitudes.

The agreement between the results of calculations and such observations as are
available gives rise to a hope that the present communication may serve as a guide
towards systematic observations of the type dealt with, and to their interpretation in
terms of a theory of scattering and absorption ; by this means one may hope to obtain
absorption constants and methods of using them which will be of some service to
meteorology and astrophysics.

Summary.

The analysis of the present paper seems to support the view that at levels above
Mount Wilson molecular scattering is sufficient to account completely both for

* In the “Report on the Astrophysical Observatory ” (C. G. ABBOT, ¢ Annual Report of the Smithsonian
Institution,” 1911, p. 65), the Director announces that sky radiation observations have been successfully
taken at Mount Whitney (August, 1910). Since the transmission coefficients at the time of observation
are also determined, the results will enable an accnrate comparison of sky radiation results to be made
with the values obtained by calculation in terms of the coefficients of attenuation.

T Nicows, “Theories of the Colour of the Sky,” ¢ Phys. Rev.,” XXVI., June, 1908, p. 507.

I Observations have been made by McCoONNEL, J. C., on the effect. of the nature of the ground on the
degrec of polarization of the sky at 90 degrees from the sun; the effect of a covering of snow is to
diminish the degree of polarization. (PERNTNER, ¢ Meteorological Optics,” Part IV., 1910, p. 643. The
above reference is taken from ‘A History of the Cavendish Laboratory,” Longmans, Green & Co.,
1910, p. 129.) . '

§ The analysis of the present paper could be extended without difficulty to take into account the effect
of reflection from the earth’s surface on the intensity and polarization of sky radiation, provided the
landscape were covercd by a layer of uniform substance such as snow, or observations were taken over the
sea, which presents a determinate reflecting surface.
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400 MR. LOUIS VESSOT KING ON THE SCATTERING AND

attenuation of solar radiation and for the intensity and quality of sky radiation.
Even at sea-level the effect of “atmospheric dust” can be taken into account in a
simple manner in the formulee for absorption and scattering. Should future observa-
tions support the validity of the simple law expressed by equation (2) connecting the
coefficient of attenuation with the wave-length, we may with considerable assurance
make use of the law to obtain the coefficients for very short or very long wave-lengths
when the direct method of calculation from high and low sun observations leaves room
for considerable uncertainty owing to the small intensities in the solar spectrum at
these wave-lengths and owing to other experimental difficulties.

ScHUSTER* points out in this connection the extreme importance of determining:
accurately the form of the solar intensity curve outside the earth’s atmosphere for
short wave-lengths, since the effect of a solar atmosphere in absorbing and scattering
radiation is to give rise to an intensity-curve which does not agree with that given by
Pr.ancx’s formula especially for short wave-lengths.

Absorption and scattering of radiation by the sun’s atmosphere, taken in conjunc-
tion with effects of self-illumination, constitutes a problem analogous to that just
considered for the earth’s atmosphere. By making a comparison between the
calculated variation of intensity of radiation of different wave-lengths over the solar
disc and the results of observation it will be possible to determine from the intensity
curve of the normal solar spectrum outside the earth’s atmosphere the intensity-curve
at the radiating layer of the sun. This corrected curve may then be compared with
that given by PLAaNCK’s formula and a closer approximation made to the temperature
of the sun than the values now given. 'This investigation the writer hopes to be able
to deal with in a future communication

* SCHUSTER, loe. cil,
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NUMERICAT, TABLES AND CoMPARISON oF THRORY WITH OBSERVATION.

Driscussion of Results.

Table I.—Coefficients of attenuation for Washington, Mount Wilson, Mount Whitney, and Potsdam.

L, IL—Constants of atmospheric scattering and absorption.

»  HL—Tabulation of the function Ce=¢ G {C (sec { - 1)}.

” IV.—Tabulation of the function G (C séc 0.

” V.—Tabulation of the auxiliary functions.® (C, 0), G ©), F(C).
- VI.—Relative intensities from zenith sky calculated from Mount Wilson observations.

»  VIL.—Total solar and sky radiation calculated from Mount Wilson observations.

,»  VIIL.—Relative intensities from zenith sky calculated from Washington observations.

” IX.—Total solar and sky radiation calculated from Washington observations.

” X.—Quality of sky radiation at Mount Wilson, October 17, 1906.

. XI.—Total sky radiation at Mount Wilson, October 19, 1906.

»  XIL.—Average intensities of sky radiation, Mount Wilson.

,»  XIIL—Polarization of sky radiation caleulated from Washington and Mount Wilson observations.

VOL. CCXII.—A. 3 F
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402 MR. LOUIS VESSOT KING ON THE SCATTERING AND

TasLE L—Coefficients of Attenuation for Washington, Mount Wilson, Mownt Whitney, and Potsdam.

The table of constants of solar intensities and coefficients of attennation for Washington, Mount Wilson,
and Mount Whitney is taken from the revised reductions based on the most recent observations of the
Smithsonian Astrophysical Observatory.* The unit expressing the relative intensities of solar radiation
between wave-lengths A and A+ dA is arbitrary, and can be reduced to calories per square centimetre per
minute by multiplying by a factor » such that

” f SdX = 1-922 calories per square centimetre per minute.
0

In terms of the unit of intensity given in the table, and taking dA = -1y, we find by graphical integration
f SdM\ = 33210, so that n = *000578.
0

No account is taken of the water-vapour bands which occur mainly in the infra-red, where the intensity
of solar radiation is comparatively small. The position and extent of these bands is shown in the curve
of the intensities in the normal solar spectrum given in Vol. IL of the ¢ Annals.’}

The transmission coefficients for Potsdam are those given by MULLER.§

# Apsor, C. G, “ The Sun’s Energy-Spectrum and Temperature,” ‘Astrophysical Journal,” XXXIV., October, 1911, p. 197.

+ Assor, C. G, and Fown, F. E., “ The Value of the Solar Constant of Radiation,” ‘Astrophysical Journal,! XXXIIT,,
April, 1911, p. 191.

I ¢ Annals,” vol. IT., p. 104.

§ MErTER, G, ¢ Die Photometrie der Geestirne,” Leipzig, 1897, p. 138,
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TasLe L
Mean coefficients of atmospheric transmission, ¢—C-,
Wayve- Mean Per-
<///ﬁ length in solar centage ‘Washington, Mount Wilson, Mount Whitney,
~ microns, | intensity, | probable 1902-07. 1909-10. 1909-10.
:é A S. error.
= > o=t | Cu | et | G | e | G
o5
Z ™ | |
QO 0:30 p  (440) — — — — — (0-510) | (+691)
T @) 0-325 ' 1285 30- — — 0-(550) | (-598) 0-584 *538
— o 0-35 2700 73 — — 0-612 491 0660 416
0-375 3464 2-7 —_ —_ 0-662 412 0-738 304
-1 0-39 3620 17 0-445 *810 0-694 *365 0-763 270
UZ 0-42 5261 1-3 0-586 534 0-764 269 0-806 216
EQ 0-43 5340 1-7 0600 . +b11 0-778 -261 0-822 +196
n-b i 0-45 6047 14 0-640 446 0-800 223 0-851 161
g<0 0-47 6253 1-8 0-671 +399 0-827 190 0-880 128
0‘2 0-50 6064 1-9 0-705 350 0-858 +153 0-900 +105
=< 0-55 5627 2-1 0-739 <302 0-876 +132 0-918 0866
EE 0-60 . 5047 21 0-760 274 0-890 117 0-934 0683
0-70 3650 0-4 0-839 176 0-942 10597 0-956 0450
0-80 2672 1-2 0-865 145 0-964 | -0367 0-972 -0284
1-00 1664 0-7 0-901 104 0-973 0274 0-980 10202
1-30 897 0-7 0-916 0876 0-972 0284 | 0-980 10202
1-60 526 1-4 0-930 10726 0-975 -0253 0-978 0222
2-00 245 2-4 0-909 10943 0-957  -0439 0-940 0619
2-50 43 4-8 0-870 139 0-(900) | (-105) 0-930 0726
3-00 (12) 45+ — -— — — 0-910 10943
o . o .
<, Mean transmission coeflicients for Potsdam.
|
—
§ P A e~ Cx, Ce. A ¢= s, Ce.
= I .
S
— Adp 0706 -348 B8 0-830 -186
= O "46 0-740 *301 *60 0-840 174
anl@ 48 0764 *269 62 . 0-850 -162
= w *50 0-781 247 164 0-861 150
52 0-795 229 166 0-871 138
54 0-808 213 ‘68 0-881 -127
56 - 0-819 |- -200 '

Coefficients of Attenuation for Washington, Mount Wilson, Mownt Whitney, and Potsdam.
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404 MR. LOUIS VESSOT KING ON THE SCATTERING AND

TABLE IL-—Constants of Atmospheric Scattering and Absorption.

The coefficients of attenuation given in Table I. for various stations were plotted on a large scale diagram
against A™* as abscissee.  The results are shown in Diagram 1. From the large-scale drawing the slopes of
the straight lines passing through the mean position of the observed points were obtained and the values of
tan ¢ and tan 6" corresponding to short- and long-wave radiation were calculated.* From a knowledge
of the mean barometric pressures at these stations the values of S as defined in (75) were calculated for
short-wave radiation, leading by (84) to an estimate of Ny, the number of molecules per cubic centimetre
of a gas at 0° C. and 760 mm. pressure. The values of the absorption constants I" and I'" of (80) and (82),
which include the effect of < dust ” especially noticeable at low-level stations, are also given in the table.
At levels higher than Mount Wilson the atmosphere is comparatively dust-free and IV = 1" = y. This
value of v can then be employed in (78) to give a numerical estimate of molecular absorption.

[* If greater accuracy is required the lines of closest fit to the systemn of observed points can be drawn by caleulating in
each case the position of the major axis of inertia of the corresponding system of material points of equal weight. Formule
for the determination of this line are given by KArL Prarson (‘ Phil. Mag,,’” vol. 11., 6th series, November, 1901, p. 559), and
also by S~xow, E. C. (‘Phil. Mag.,” March, 1911).—Nofe added December 31, 1912.]

Tasre IIL—Zabulation of the Function, Ce™¥ G{C (sec { ~ 1)}.

The function G () = (1 —e™ %)/ is tabulated by W. Lasu Mitikr and T. R. ROSEBRUGH* in a set of
extensive tables of the integrals

" » ~ o @
" w2 e du, [ w et du = Ei(~-%), ue™ " du, f u?e” " du,
@ @ ® v

v

Values are given to 9 significant figures at intervals of -001 between » = 0 and » = 1, and at intervals
of -01 between # = 1 and # = 2. From these tables the double-entry Table IIL. was easily constructed.
The calculations of the present table, as well as those of the other tables, were performed on a slide-rule,
so that their limit of accuracy is about one or two parts in a thousand.

# W, Lasa M1oner and T. R. RosusruaH, ¢ Trans, Roy. Soc. of Canada,’ 2nd series, vol. 1X., 1903, sect. iii., pp. 78-107,
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Tasrre I
! P L diati
[ Mean " s - ong-wave radiation
Hﬁlght baro- Short-wave radiation, A <2*610pu. A>-610p. ’
Station. ahove | etric
lsea-l pressure, |
evel 7. " tan . B. No. T, tan 67, | TV. |Bly=p"[y".
metres. mm.
Potsdam . .. .| 100 | *752 +00893 | 00904 | 2-51x 10| -105 | 0170 *0b4 32
Washington . . 10 | 1763-7 | 01016 | -01011 | 2-24x 101 | 192 | -0277 +088 +32
Mount Wilson . ' 1780 | {617 +00806 | -00994 | 228 x 1019 | -032 | 00806 | 032 32
Mount Whitney | 4420 | §446-7 | -00592 | -01003 | 2-26 x 101 | 032 | 00592 | ‘032 32
I

Constants of Atmospheric Scottering and 4bsorption.
A uthorities :—

* The mean barometric pressure at Potsdam is given by MULLER, loc. cif., p. 138.

+ The mean annual barometric pressure at Washington is taken from BarTHOLOMEW'S ¢ Atlas of Meteorology,” 1899.

I The mean barometric pressure at Mount Wilson is not given explicitly in the ‘ Annals.’ 'The value given in the above
table is obtained by finding the reduction of pressure to sea-level corresponding to an elevation of 5886 feet (the air-
temperature being taken at 60°F.) from HazeN’s Tables. (‘Professional Papers of the Signal Service,” No. VI,
‘Washington, 1882.)

§ The barometric pressure at Mount Whitney is obtained from observations given by LANGLEY, September 2-6, 1881
(Laxerry, ¢ Researches on Solar Heat: A Report of the Mount Whitney Expedition,” ¢ Professional Papers of the
Signal Service,” No. XV,,'1884~.)

TasrLe III

. . [ !
¢ . | . . . . .
CZ\\\\\ 0°. | 20°. ; 40°, 60°. 70", 80°.
0-00 0-0000  0-0000 - 0-0000 0:0000- 00000 0-0000
-05 0476 0475 | 0472 0464 0443 -0424
-10 -0905 10902 0891 -0861 0813 -0720
14 1217 1212 -1191 1133 -1072 -0889
-18 -1502 1492 -1461 1877 1270 -1009
-92 -1766 1753 -1708 1583 1439 1093
-96 2002 -1985 -1927 1761 -1575 -1150
=30 -9220 -92200 2136 1953 1749 1174
-34 -924920 *2395 -2998 -2052 1776 1198
-38 *2600 -9568 -9450 2163 - 1844 1206
-50 -303 i -9298 -980 938 ! -1964 1154
-60 -3929 -3923 -301 -948 ; -1950 -1090
70 -348 -840 -313 -950 1930 1006
-80 -359 -850 -318 -947 -1850 0923
-90 -366 3 -356 f -320 -241 -1740 0856

Table of the Function Ce=% G {C (sec { ~ 1)}.
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406 MR. LOUIS VESSOT KING ON THE SCATTERING AND

TaBrLE IV.—Tabulation of the Function G (C sec {).

This function occurs in caleulating the mean coefficient, ¢, in the solution of the integral equation (44).
It is easily tabulated from LAsH MILLER’S tables. '

TasLr V.—Tabulation of the Auwiliary Functions & (C,0), & (C), f(C).

The function f (#) defined by the relation
J@) == f wleTtdu = e7% +xli (- )
x

oceurs in the theory of absorptidn in a flat plate which itself absorbs radiation from a uniform distri-
bution of radiating elements throughout its own volume. A short table of the function f(z) has heen
given by the writer in a previous paper.*
We write as in (51),
B (z) = Fi(-2)-logu, B(-%) = Li(z)-logu.

The function B (2) is given in Lastx MiLLeR’S Tables.t The function B (- ) was caleulated by making
use of the tables of the exponential integral &i ().}
From these a table of the function

P(C,0) = (1-¢%) {1-/(O)} +B(C) - B(2C) +¢7° {B(C) ~ ]

was constructed.

* King, L. V., ¢ Absorption Problems in Radioactivity,” ¢ Phil. Mag.,” February, 1912, p. 245,
+ W. Lasu Micneg and T. R. RosesrueH, loc. ¢it., p. 81.
1 Cf. DaLE, ‘ Five-Figure Tables of Mathematical Functions,” Arnolds, London, 1908.
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ABSORPTION OF LIGHT IN GASEOUS MEDIA, 407
TasLe IV.

S 0. 20°, 40°, 60°. 70°, 80°.
000 +6000 10000 10000 10000 10000 10000
05 975 974 -968 -959 -929 873
10 -959 +948 -940 +906 868 770
‘14 1933 1929 913 872 -820 688
18 1916 1910 -891 -840 778 623
92 -897 -892 869 +809 737 567
26 -880 874 848 780 700 536
*30 864 856 -828 752 666 476
34 848 -839 808 726 633 +438
38 839 -829 788 701 +603 +406
50 788 77T 735 632 526 -328
60 751 740 694 583 479 981
70 718 704 656 538 428 243
-80 688 672 +622 499 +386 915
-90 658 642 588 464 -857 1199
Table of the Function G (C sec ().

TaBLE V.

| C
c. ®(C,0. | G(O) FO HEOOF 14O F(3):
</

000 00000 10000 10000 1000 1-000 1000
-05 -0095 -9754 -828 -902 914 -897
‘10 -0311 9516 792 -837 -861 -828
14 0536 -933 656 794 -828 782
‘18 -0801 1916 -600 758 -800 741
92 1081 -897 550 724 775 705
96 14037 | -880 508 -694 754 672
+30 1723 864 469 667 735 641
34 -9065 -848 435 642 718 613
38 2414 839 404 618 702 587
50 349 187 327 557 664 518
60 438 752 276 514 638 <469
70 525 719 235 477 618 427
80 612 688 -201 445 601 -389
190 -686 659 172 416 586 356

Table of Auziliary Functions ® (C, 0), G (C), f(O).
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408 MR. LOUIS VESSOT KING ON THE SCATTERING AND

TABLE VI.—Relotive Intensities from Zewith Sky Calewlated from Mount Wilson Observations in Terms of Mean
Attenvation Coefficients.

The wave-lengths at Mount Wilson level corresponding to the tabulated values of the attenuation
coefficients C were determined from the formula (76), C = BA* 4y, making use of the constants 8 and y
given in Table II., which themselves are derived from observations on the transmission of solar-radiation.

A large scale chart of the intensities in the normal solar spectrum outside the atmosphere was prepared
from the data reproduced in Table I. The values of S corresponding to various values of A were then
estimated from this curve of solar intensities. Auxiliary tables of the coefficients e, ¢, ¢; were calculated
from (44), making use of Table V. In this way a table of the function

¢ [
16(<)e o
€1/
was prepared. This table, with Table IIL, enabled the term in square brackets in the expression for
T (0, {) to be calculated. Finally, making use of the values of 8 just determined, the present table of the
intensity from zenith sky, T (0, {), was calculated. The extreme and mean solutions of the integral
equation are retained throughout. It will be noticed that the extreme solutions diverge rapidly for large
values of C and ¢; it must be remembered that for large values of C the value of S decreases with extreme
rapidity, no appreciable intensity having been measured for a wave-length less than *3p.  Consequently, in
calculating the total intensity of sky radiation on a horizontal surface, the divergence of the extreme
solutions does not lead to a very great divergence in the final results. The results given in the present
table are shown graphically in Diagrams IT.~VIL.
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ABSORPTION OF LIGHT IN GASEOUS MEDIA. 409
TasrLe VI

C. A S. 0°. 920°. 40°. 60°. 70°, 80°,
98 92 7y 60 51 46
-05 T4lp | 3140 9-8 9-2 77 60 51 46
9-8 92 77 60 51 46
50-9 477 39-8 30" 259 216
‘10 ‘571 5380 506 474 395 30-1 954 208
50-2 470 39-0 29-6. 24-8 200
885 830 690 522 46 356
‘14 -510 6000 87-2 817 677 507 498 32-9
85-9 803 664 49-4 41-3 31-2
1243 1167 965 72-8 61-2 4870
‘18 474 6260 121-7 1138 93-7 698 575 493
118-3 | 1102 907 66-1 54-0 38-1
1460 18740 1180 845 701 539
-99 446 5910 141-5 132-5 108°4 79-8 645 4574
1368 1278 1040 751 596 400
166-9 | 1560 1285 9545 794 607
<26 -427 5320 159-0 148-5 121-2 877 70-1 480
151-0 140-8 114-1 806 625 39-4
1680 1571 1300 970 805 60-0
-30 -410 4480 1584 147-9 1206 866 690 437
148-5 137-9 1082 780 60-3 34-6
178-2 1620 188+1 984 808 615
34 -397 4000 161-0 150-0 121-3 856 66°5 416
148-1 1371 110-0 751 55-8 315
1841 1719 1410 1088 851 651
.38 -385 3720 168-0 156-0 126:1 | 87-9 671 41-0
, 1520 140-9 1116 752 546 295
2060 1915 156 115°8 945 781
“50 -357 2960 1780 165°0 1310 896 652 364
' 1517 1400 108-8 695 476 22-5
1855 1781 141+8 108 840 680
60" | -341 2140 153-0 141-4 1113 73-0 591 265
123-8 1137 870 528 343 151

PHILOSOPHICAL
TRANSACTIONS
OF

Relative Intensities from Zewith Sky Calculated from Mount Wilson Observations in Terms of Mean Attenuation
Coejfficients.

T(0,¢§ = Zl; {§ (I +cos?{)} é S [Ce"OG {C(sec {-1)} +%—é <€2> ® (G, O)—l

€1

VOL. CCXII,—A. 3 G
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410 ~“MR. LOUIS VESSOT KING ON THE SCATTERING AND

TABLE VIL—T0tal Solar and Sky Radiation Coleulated at Mount Wilson Level from Mean
Attenuation Coefficients.

In order to obtain the total solar intensity reaching the earth’s surface for different zenith distances of

the sun, a table of the values of Se=Csc¢¢ was drawn up for the various values of C, X, 8, and ¢ given in
Table VI. Krom these curves were drawn on a large scale, which, when integrated, gave the values of

rE(g)dA - r Sg-Oseet ),
0 0

ihe units of intensity being those given for S in Table I., and the unit of wave-length being taken as 1,
and d\ = *1p. As a check on the calculations it is interesting to see how far the total intensity can be
represented by a formula of the type

FE@) I\ = e-ﬁﬁecfrsczx.
[ 0

The values of the “apparent” coefficient of attenuation C calculated from the integrated area of each of
the curves of solar intensity corresponding to different values of { are given below :—

| M al
0 o o o o o ean values C between
¢ 0°. 20°, ‘ 40°. 60°. 70°. 80°. 0° and 60°.
C 1023 1140 1293 1079 <0953 -0817 C =-1184, ¢ C = -893.

The value of the apparent transmission of total radiation given for Mount Wilson* is ¢~C = -895,

C = -111, in good agreement with the above values. It will be noticed that an exponential formula for
the total intensity fails for greater zenith distances than 60°.
From the intensities from zenith sky given in Table VI., and drawn in Diagrams IL-VIL, the integrals

[ T (0, {) dA were calculated for various values of {. From these the total sky radiation on a horizontal
0

plane, H ({), was calculated from the approximate formula (68), and is plotted against values of { in
Diagram IX. It will be noticed that the value of the ratio

fH(g) d)\/fE({) an

is very nearly constant for all zenith distances and has the mean value -050. This value is in fair
agreement with the value -052 (August 18, 1905) but is considerably smaller than the value -077
(September 8, 1906, October 19, 1906) determined at Mount Wilson.t It will be noticed under
Table XII. that the attenuation coefficients for August 18, 1905, are in much better agreement with the
mean values employed in these calculations than those for October 19, 1906.

The entries in the last row of the present table give the ratio sky/sun for equal solid angles, the semi-
diameter of the sun being taken as 16’ of arc. These values are those most often measured in observations
on sky radiation ; the results are shown graphically in Diagram XI.

¥ ¢ Annals,” vol. IL., p. 96.
t ¢ Anuals,” vol. IT., Table 35, p, 1563.
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ABSORPTION OF LIGHT IN GASEOUS MEDIA. 411
TasLE VIL
Units. 0°. 20°. 40°. C 60, 70°. 80°,
Total Solar Radiation per unit area S, \) units
normal to sun’s rays reaching (di 2 3000-5 2944-5 2782-5 2673-0 2512-0 20185
earth’s surface. =
Values of
‘L E({)dr Calories
> er square o . . .
"8\ = 3321 (S, \) units ~ 1:922 ool 10740 1-706 1-623 1-550 1-457 1-169
calories per sq. cm. per minute, | Per minute.
. . (S, M) units .
Total Solar Radiation per unit area |'g3 Z .7, 3000-5 2770 2130 1337 858 350
of horizontal plane reaching earth’s
surface.
Values of » Calories
cos { .( E () dA. per square ) . . . . .
0 ) centimetre 1-740 1-602 1-242 775 498 203
per minute.
S ) wnits| 2382 82-2 255 188 134 9-8
Total Radiation per unit area of hori- |7\ Z . 1p 36-15 344 278 203 15-9 11-4
zontal surface from unit solid angle ) 38-05 36-6 30-0 22°6 18-6 14-9
of zenith sky.
Values of .
- Calories :
> 10196 -0186 “0147 -0106 0077 <0067
L T, O dr per SquaTe | 90 0199 -0161 0117 -0092 -0066
per minute. - 0220 +0212 0173 +0131 0107 -0086
: (S, \) units 141-9 1432 1348 122-2 1006 794
Total Sky Radiation per unit area of |*;3"7 7 151-2 153-1 147-0 135-9 119-2 92-5
horizontal surface. = 159-3 1630 158-6 151-1 139-6 120-9
Values of
o © Calories
2m ~082) *0832 0782 ~0710 ~0584 0461
=" A
L H(Qaxr T +cos?9) L 10,04 e b B -0888 -0853 -0788 -0692 -0537
per minute. +0925 0945 +0920 - 0876 -0809 0701
Total Radiation on horizontal surface gralsor&:ie 1-822 1:685 1-320 846 +666 *249
- B ot | 1828 1-691 1-327 854 567 +957
L feos (B (O)+H ()} dA. por minute,  1'833 1-697 1-334 -863 597 273
L H () ar 0478 0517 *0633 "0915 - 1171 -227
Ratio —F———- — -0504 -0553 -0690 -1018 +1390 264
cos ¢ [ E (¢) | 0531 +0588 -0744 +1131 +1623 346
0
L H ({)dx 0473 0487 -0485 0453 - 0400 089
Ratio — . — -0504 +0520 <0529 +0508 0475 10458
j. E (¢) dr 10531 0553 -0570 -0565 0555 0597
o,
[[ro0n |
Ra,tiow—oT————. 76°6x10-8 |7} 83x10-8|62:2%x10-8|466x1075|36:3x10-8|83-0x%x 10-8
j E({) da — 82-0 795 679 517 43-1 384
0 86-2 845 73:2 57-5 50-3 50-2
o = 27 (1-cos 16") = 6°80 x 1075

Total Solar and Sky Radiation Caleulated at Mount Wilson Level from Mean Attenuation Coefficients.
3G 2
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412 MR. LOUIS VESSOT KING ON THE SCATTERING AND

TABLE VIIL—Relative Intensities from Zenith Sky Caleulated from Washington Observations in Terms of
Mean Attenuation Coefficients.

This table is constructed on the same plan as Table VI. for Mount Wilson, making use of the attenuation
constants given in Table II. for Washington. The effect of “dust” requires us to make use of different
constants for long- and for short-wave radiation in calculating wave-lengths corresponding to the tabulated
values of C from the formula C = BA=*+7y. The result is a discontinuity in the sky radiation curve in
the neighbourhood of :610pu, shown in the curves of Diagram XII. The mean value of the solution of
the integral equation is alone given, since the values of the absorption coefficients vary so rapidly from
day to day that the intensities of sky radiation calenlated from them probably differ by more than the
difference between the extreme solutions,
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ABSORPTION OF LIGHT IN GASEOUS MEDIA. 413
Tasre VIIL
C. A S. 0°. 20°. 40°, _ 60°. 70°. 80°.
+10 1:08 1360 304 285 237 1-81 1-54 f 1-25
‘14 +824 2470 162 152 12°5 9-44 7-85 6-11
+18 725 3350 385 36-1 299 22:15 18-23 13-4
+22 <654 4240 690 649 528 38-70 31-40 22-1
26 <625 4640 975 911 744 53-8 42-9 29-3
30 556 5460 585 545 44-5 321 256 ‘ 16-0
-34 *509 6020 880 83:0 671 47-3 364 22-8
*38 +482 6230 1271 109-0 88-0 61-1 46°5 284
|
-50 <426 5320 1631 i 1509 119-4 805 594 32-8
60 - 398 4320 1730 1600 1260 82-4 573 308
70 376 3460 1698 1560 121-8 775 53-9 27-0
-80 360 2900 1669 1531 1182 736 49-7 ' . 22-8
+90 346 2240 1460 133-8 1026 620 41-3 19°5

PHILOSOPHICAL
TRANSACTIONS
OF

Relative Intensities from Zenith Sky Caleulated from Washington Observations in Terms of Mean

Attenuation Coefficients.

T(0,¢) = El'; {#(L+eos O} S[Ce‘CG {O(sec(— 1)} + G ®(C, 0)].
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414 MR. LOUIS VESSOT KING ON THE SCATTERING AND

TaBLe IX.—Total Solar and Sky Radiation Caloulated at Washington Level from Mean Attenuation
Coefficients.

This table is drawn up on the same plan as Table VIL, making use of the Washington data given in-

Table II. The values of the “apparent” coefficients of attenuation, C, derived from the integrated solar
radiation curves corresponding to different zenith distances of the sun are given below :—

] -
e 0" 1 20°. } 10", 60°. | 70 | 80", l Mean value C botween
| | : | -
c -247 1 ‘947 | 252 -246 ‘235 | 210 l C = 248, ¢C = -780

I | | |

The value of the apparent transmission of total radiation given for Washington* is ¢=C = -787,
O = 240 in substantial agreement with the above mean value hetween 0° and 60°.

The ratio

[ H(()d)x/[ E () dA
0 0

is approximately constant for all zenith distances to 70° and has the mean value -078. The value of this
ratio for { = 80° seems to indicate the existence of a rapidly increasing value of the ratio beyond that
angle: the analysis by which sky radiation is calculated ceases to hold even approximately for greater
zenith distances on account of the curvature of the earth.

* ¢ Annals,” vol. II., p. 96.
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ABSORPTION OF LIGHT IN GASEOUS MEDIA. 415
TasLe IX.
Units. 0°. 20°. 40°. 60°. 70°. 80°.
Total Solar Radiation per unit area
normal to sun’s rays reaching | (S, A) units . . . } . .
earth’s surface. ax = 1p. 25975 26530 23890 2032-5 16700 9910
Values of )
dA
E 0 E© Calories
® B G per square ) . . . . .
, SdA = 3321 (S, A) units = 1-922 centimetre 1-502 1-478 1-382 1-177 967 574
calories per sq. cm. per minute. | per minute.
Total Solar Radiation per unit area S‘%\)\i u.l;llzs 25975 2400 1830 1016 571 172
of horizontal plane reaching earth’s ’
surface.
Values of o Calories
cos { J’ E({) dA per square . . ) . . .
0 centimetre 1-502 1-390 1-060 589 331 100
per minute.
) wni
Total Radiation per unit area of hori-| 5 g | 475 441 349 24°1 17-4 10-6
zontal surface from unit solid angle
of zenith sky.
Values of ® Calories
T (0, {) dA. per square . . . . . .
L centimetre 0275 0255 0202 0140 0101 0062
per minute.
Total Sky Radiation per unit area of (dsz\,)? qriits 199 197 184 161 130 86
horizontal surface. =
Values of
r H (A - rT (0,00 Calories
=g TSR »{) A per square
0 T(A+cos2Q) Jo D atimctrg | 1110 ‘114 *1065 *0931 -0753 -0497
' per minute.
Total Radiation on horizontal surface eCaéoﬁzs
- D tmetre | 17617 1-504 1-166 +682 *406 *150.
L {cos (B (O +H (O} d). per minute
[ “H (@ .
Ratio —° . — -0778 -0821 -1005 *1588 +228 -506
cos { j’ E () dr
0
J' H(ax
Ratio =~ . — L0778 -0773 -0766 -0793 -0779 -0865
[, BO®
0
[[ro0a
Ratio 0 ———-
f E()dr — 1243 x 10781176 x 1078 994 x 1075 | 807 x 1078 | 708 x 10~8 | 727 x 10~8
0
© = 27 (1 - cos 16) = 680 x 10,

Total Solar and Sky Radiation Caleulated at Sea-Level from Mean Attenuation Coefficients at Washington.
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416 MR. LOUIS VESSOT KING ON THE SCATTERING AND

TaBLE X.—Quality of Sky Radiation at Mount Wilson, October 17, 1906.

Observations on the quality of sky-radiation have been made at Mount Wilson.* The values given in
the present table are calculated in terms of the mean coefficients of attenuation at that station. The units
of intensity in the calculated and observed values aye both arbitrary. The calculated intensities are
reduced to the same units as the observed intensities by multiplying the former by the mean value of the
ratios of the intensities corresponding to the different wave-lengths. The results are compared graphically
in Diagram XIII. The agreement is seen to be fairly satisfactory, in spite of the fact that the mean values
of the coefficients of attenuation are used in calculating intensities on a particular day.

# ¢ Annals,’ vol, IT,, p. 155.
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ABSORPTION OF LIGHT IN GASEOUS MEDIA. 417
TaBLE X.
“422u. 457 . “491p. *556u. *614p. 660u.
Solar
intensity, | 3430 4700 4960 4630 4080 3600
. { = 43
@i.)
wality of Sk ation. | Zenith 124 102 83 4 26 18
Wuality of Sky Rudiation. =3 > 116 o7 80 43 26 18
Comparison of (= 43", 109 92 8 42 26 18
Calculated Values with , .
Mount Wilson Skyfsun, | 1% 107%| 218 x 10-% | 167 x 10~% |95-0x 10-%| 685 x 10~%| 50 x 10—+
Observa,tions, g. - 430, 339 206 161 92°5 63°5 50
October 17, 1906, =% 318 196 157 905 635 50
{ = 43°
%2?7:;;3(1 655 591 294 188 106 100
¢ = 23°. gy
Y = 79" ulodlate dl 729 436 33 190 127 100
Sy sun 678 412 321 185 127 100
Y sun. 636 392 314 181 127 100
“ Solar
intensity, | 3050 4210 4570 4360 3850 3420
.. (=58
(ii.)
. . Zenith 99-0 810 65 37 205 135
Quality of Sky Radiation. sky, 91-0 -5 62 36 205 135
. ¢ = 58" 825 735 60 35 205 135
Comparison of
Ca'lc‘ﬁatedt‘@.‘l‘es T, | 329X 1074 | 198104 | 142x 101 |85-0x 10| 588 x 104 | 89-5x 104
Ohsorratione ¢ ;’/g‘gg 295 184 136 825 533 395
: =92%. lan 175 131 80-0 53-3 39'5
{ - 58{ S S -
Observed 7
b= 17°. yjsun. 574 495 317 191 124 104
y = 16~ %0 445 827 196 | 128 91
7]
C‘;‘}C"‘/llgzed 680 424 314 190 123 91
g 625 403 302 185 123 91
. 1126 920 785 405 222 157
(iid.) Zf]?}‘fh 1045 880 15 400 229 15°7
Quality of Sky Radiation. 97-0 836 690 N 895 22 15-7
Comparison of Observed
Calculated Values of mean 1194 986 701 395 231 174
Zenith Sky with Mean sky.
Absolute Intensity of !
Sky Radiation. Calculated | 7792 975 780 429 285 166
Mean, ¢ = 50° zenith 1109 933 758 424 235 166
14 =90 sky. 1030 885 731 418 235 166

PHILOSOPHICAL
TRANSACTIONS

Quality of Sky Radiation at Mount Wilson, October 17, 1906.
VOL. CCXIT.—A, 3 H '
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418 MR. LOUIS VESSOT KING ON THE SCATTERING AND

TasLe XI.—Total Sky Radiation at Mount Wilson, October 19, 1906.

Observations on the total intensity of sky-radiation are given for Mount Wilson* under the date
October 19, 1906. Attenuation coefficients for this day are not given, sa that the observations are
compared with values caleculated from the mean coefficients at Mount Wilson. If o is the solid angle
subtended by the sun, the value of '

o r T (b, &) dA
0
is calculated from the approximate formula (66),

“ _1+cos?d *
wL T n = 0 0 c/>L T(0, &) A

Making use of the values of

wa(O,()dk/KE({)(Z/\

from Table VIL, and interpolating for intermediate values of { from the curves given in Diagram XI., the
ratio

0 Lﬁ?@s, g)d}»/flﬁ(@m

was calculated.
The angle 6 between sun and sky was calculated from the formula

cos € = cos ¢ cos {+sin ¢ sin ¢ cos ¥,

the azimuth y being measured from a vertical plane through the sun in the direction N.-E.-S.-W.

The comparison of the calculated ratios with those observed is fairly satisfactory; the greatest
discrepancies occur when 6 is small and when ¢ is large. The probable reasons for this lack of agreement
are given at the end of Section 8.

* ¢ Annals,” vol, I1., Table 82, p. 151,
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ABSORPTION OF LIGHT IN GASEOUS MEDIA. 419
Tasre XL
' 1+ cos? 6 Zenith sky 10 | SKy _ q0os Observed
f. ¢. 1‘&. 6. 1 T COE?Z‘. sec (‘b. _—_ST_I;I——._ x 1078, gﬁ x 1078, Sky/sun %« 1078,
B

. . . . 602 361

558 | 79°2 | — 43'5 | 46-1| 1-127 | 534 550 330 295
49-0 294
~ 606 193

555 674 | — 41°2 | 37-9 | 1-228 | 260 551 176 219
500 160
61-8 140

54'0 54'5 | — 85°5 | 287 | 1-316 |1:72 56-3 127 165
50°5 114
620 122

536 | 44°6 | — 21°3 | 18:6 | 1:402 | 1-40 570 112 190
| 510 100
646 118

504 | 40°5 | — 6-7 |11-5| 1-392 | 1-31 59-3 108 285
532 97
| | 650 101

49-8 | 31-1 129 | 206 1-327 | 117 600 93 350
540 84
655 707

49-2 | 49-7 | —149-6 | 94:4 | 696 | 1:55 604 652 98
54-5 58-8
658 780

48+9 | 50°4 | —113-3 | 79-1 | 707 | 1-57 606 672 108
| < 548 608
670 296

47+4 | 79°2 | — 634 | 632 -826 | 534 618 273 222
560 247
67-2 229

4750 | 779 |~ 845 [ 77T | T4 | 4077 620 211 171
562 191
; 67-8 76+ 1

46°5 | 29°2 | — 79°6 | 485 977 [1-15 625 70-2 98
570 640
. , 680 577

46-2 | 278 | 1448 |70-3| 752 | 1-13 630 535 68
57-1 485

PHILOSOPHICAL
TRANSACTIONS
OF

Total Sky Rediation at Mount Wilson, October 19, 1906,
Comparison of ratio sky/sun for equal solid angles with results of calculation from the formula

wJO T (4, 0) d/\/j:E (©) d.
3 H 2
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420 MR. LOUIS VESSOT KING ON THE SCATTERING AND

TasLr XIL—Average Intensitics of Sky Radiation, Mount Wilson.

Observations are given at Mount Wilson* for the average total intensity of sky radiation taken for
different azimuths. The theoretical formula corresponding to average sky intensity is by (66),

_1_( zlp( T (¢, ) d\ — [1 f””“"s ‘9d¢Js%¢j T (0, §) d.

2w Jo 1+cos? {
The term in square brackets denoted by

1 +cos? 6" . 3cos? {1
bl = ] ~Lgin2¢p. 25 0
Ll + cos? {Jav‘ 78 14 cos?¢

In calculating average sky/sun for equal solid angles, the value of

ij T (0, CMA:E(@ ir

is derived by interpolation from Diagram XI.

In order to compare the attenuation coefficients on the dates of thc above sky observations, these values
taken from.the Mount Wilson observationst are compared in a table with the mean values employed in
the calculation. Tt will be noticed that the absorption constants on August 18, 1905, are in much better
agreement with the mean values than those of September 8, 1906. The result is that as we should expect

the sky observations on the former date agree more closely with the calculated values than those on the
latter.

* ¢ Annals,” vol. IT., Table 82, p. 151.
T ¢ Annals,” vol. IL., pp. 96-97.
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TaprLe XIIL
1 +cos? 6 Zenith sky -8 ‘ Av. sky —s .. Observed
¢ 2 [1 + cos? {]&v sec ¢. S 10=% ~ Sun 107 My sky/Sun x 1078,
. . 670 748
47-3 29-4 +969 1-15 620 692 122
56-1 62-6
640 900
512 479 945 1-49 590 830 129
53-1 47
% 61-1 187
547 645 +999 224 560 125 185
50-0 112
650 308
50-0 788 *918 5-15 600 284 214
’ 53-8 255
! 606 770
54°5 85°5 <995 12-75 { 560 710 5007
| 500 635

Sky Radiation, Mount Wilson, September 8, and October 19, 1906.

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

. 1+cos? 6 " Zenith sky —g | Av. sky -3 -Observed
¢ . [1 + cos? (Jav see . Sun 1075 S * 107 1 av. sky/Sun x 1078,
o o 820 832
27 20 -953 1-064 770 780 78
718 730
840 87-0 -
22 | 30 -894 1-155 79:0 81-8 82
74-0 | 766
83+9 940 '
23 45 791 1-414 788 88-4 67
734 82-2
79-0 108
32 | 55 781 1-743 T4-4 102 81
i 69-0 94
i 839 131
23 65 658 | 2-366 788 123 93 .
! 13-4 114
l 81+5 301
29 80 642 576 76-0 281 116
l 70°9 262

A

\

ya

/

Sky Radiation, Mount Wilson, August 18, 1905,
dverage Intensities of Sky Radiation,

THE ROYAL /
SOCIETY

OF

PHILOSOPHICAL
TRANSACTIONS

| C C c
H b b b N p
A. : Aug. 18, 1905. 1 Sept. 8, 1906. average. Date. Po B }%7'
40p | 342 | -263 | 356 '
: : ; ‘ | Aug. 18,1905 | - .
45 | 265 180 -230 "8 | oos 050
a0 1 90 ST 1 .
L e | 2 | - Sept. 8, 1906 ‘0059 | -033
60 | *139 g -065 | 085 |
“70 E +081 | <036 | o0 _—
«80 . | . . ean a . .
‘ 051 ‘ 024 { 043 Mount Wilson 0081 026
90 | *046 | *020 | 036
1:00 | “048 ! -016 | 032 |
120 | 045 | 014 | -028 |
1-60 “046 ] *010 | -025 | ,

Alttenuation Coefficients on Dales of Sky Observations,
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422 MR. LOUIS VESSOT KING ON THE SCATTERING AND

TABLE XIIL.—Polarization of Sky Radiation Calewlated from Mount Wilson and Washington Observations.

Numerical results on the polarization of sky radiation are calculated from the approximate formulse
given in Section 6. In order to save space numerical values corresponding to the formule given at the
foot of the table are entered in the same order under each value of A and (. '

The values of

P(0,¢) = Ce~ G {C(sec {— 1)}
and

Q0,0 = 3¢/C.e®(C,0)

are obtained from Tables VI. and VIIIL
The ratios of the intensities of zenith sky polarized in the principal plane and in a plane at right angles
to it are calculated in the form

1.0, _ _1+Q(0,H/P(0, () |
T2(0,8)  cos® (+Q(0, O/P (0, ()

The results are shown graphically in Diagram XIV.
The ratios Q (0, ¢)/P (0, {) given in the present table compare the contribution of self-illumination to the
sky intensity of different wave-lengths with the effect of direct sunlight on sky radiation.

The ratios
Q0, H/P(0, ()
1+Q(O0, /P (0, {)

compare the residual infensity of sky radiation over the great circle of most complete polarization 90° from
the sun to the intensity polarized in a plane at right angles. It will be noticed that this ratio remains
nearly the same for all zenith distances, and is very small for long wave-lengths when the effect of seli-
illumination is small. ' ’
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TasLe XIII.
Mount Wilson. ‘Washington.
A 20°. 60", 80°. A 20°, 60°. 80°.
119 347 1842
T41p 055 -054 054 o — — —
052 -051 051
117 291 655 1:14 3-64 15-98
571 -142 -142 -145 1-08p -033 -035 -035
124 -124 127 -032 v'°34i
1-16 2-63 510 1-12 316 860
-510 -904 -208 -207 -894 097 <097 -098
.~ 170 | 172 172 -088 -089
I . S .
1-15 244 428 1-11 2:8) 614
474 -268 -268 -271 795 -157 157 -159
-212 212 213 *136 -136
1°15 2-39 3-98 1-11 262 495
-446 -291 292 -296 -654 212 | -214 -217
-225 220 -228 175 176
71-18 2-18 3-20 110 244 406
-497 -388 -384 411 -625 -971 -973 -287
-280 277 -291 -213 214
1-18 209 2-96 1-11 2-95 670
-416 -446 -440 -464 -556 -135 134 -140
| -308 -306 -317 119 118
118 1-99 271 1-11 275 595
-397 -504 510 -526 -509 -184 -178 -193
-335 -338 -345 “155 | “151
- —— SR l
- 1112 1-91 256 1-11 2:5} 448
-385 566 570 -594 -482 -934 -987 -949
-362 -363 -373 190 -192
110 1°74 215 1:09 2-18 320
-357 -749 763 -814 -426 -380 - 387 -413
-429 -438 -449 275 279
. 1-10 1-63 '1-93 7709 - | 1-98 2-62
-341 -902 920 1012 -398 504 518 -570
474 480 | | -507 -335 -341
Polarization of 1Ty (0,8) _ _1+Q(0, /P (0,0) , 108 182 %: %6
. 376 633 660 740
zemith sky T, (0 g‘) T eos2{+Q(0,0)/P (0, &) -387 -308
— S — - S ;
107 1:70 200
Ratio Q (0, {)/P (0, {). -360 768 -814 -945
-435 -450
o | |
‘ . L1462 - 1-90
Polarization of sky} Ratio Q:(O O/P (0 O ‘ +346 ! 0?’901 f +961 91.11
90° from sun 1+Q (O {)/P (O {) -474 -490

Polarization of Sky Radiation Calculated from Mount Wilson and Washington Observations.
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424 MR. LOUIS VESSOT KING ON THE SCATTERING AND

Disaram I.—Pariation of Coefficients of Atmospheric Atlenualion with TWave-Length.

The curves of Diagram I. are drawn from the data given in Table I.  The coefficients of attenuation C,
av the various stations are plotted against the inverse fourth power of the wave-lengths, the wave-lengths X
being expressed in microns. The observations give rise to a law of the form

w = ATy
The stations to which the various lines refer are as follows :—

Curve 1. Mount Whitney. v Curve 111, Potsdam.
Curve II.  Mount Wilson, Curve IV, Washington,

The conclusions derived from these observations are described in Section 7, and the constants of
atmospheric scattering and absorption derived from similar curves plotted on a large scale are given in
Table II.

The discontinuity in the curves in the neighbourhood of ‘610 at low-level stations is clearly marked,
and the observations show that the curves may be represented by broken straight lines. We cannot
suppose, however, that the discontinuity at A = '610p will in reality be as sharp as the intersection of
two straight lines would require. The precise cause of this well-marked point of discontinuity furnishes
a point which must be left to further investigation.
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L
Cx v n / I

e
\

N
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s //// o./
A A
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]

Diagram I.  Variation of coefficients of atmospheric attenuation with wave-length.
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426 MR. LOUIS VESSOT KING ON THE SCATTERING AND

Draarams IL-VIL—Relative Intensities from Zenith Sky Caleulated for Different Wave-Lengths at Mount
Wilson from Mean Coefficients of Atlenuation.

The curves given on Diagrams II.-VIL are calculated for various wave-lengths from formula (64) in
terms of the mean coefficients of attenuation for Mount Wilson given in Table II. The numerical values
from which these curves are drawn are given in Table VI. The three outer curves of each set represent
the extreme and mean solutions of the integral equation (64),

| T(0,0 = (47) 1[4 (1 + 0 O S [P (0, O+ Q (0, O].¢/C,
where
P (0,0) = Co~C G [C (sec ¢~ 1)]

and

G) (G, 0).

The inmost curve of each set gives the intensity from zenith sky neglecting self-illumination, i.e., it
represents the value of

Q(O’O =%

Qe

(4m)"1[3 (1 +cos? {)] SP (0, ¢).¢/C.

In this way the contribution of self-illumination to the intensity of sky radiation is made clear. We
notice the divergence of the extreme solutions for large values of the sun’s zenith distance.

The curves just described resemble the curves obtained by N1coLs* in his observations on the intensities
in the spectrum of zenith sky compared with corresponding intensities in the spectrum of an acetylene
flame. The results given by NicoLs were taken at various times of the day (July 18, 1907) at Sterzing
in the Tyrol (lat. 46° 54’ N., long. 11° 25" E., elevation 3110 feet above sea-level). Numerous observations
have been taken by CROVA,T ZeTTWucH}, MAJORANA,§ and others| The results are not strictly
comparable with theory since the attenuation coefficients at the time of observation are not given. The
forthcoming observations of the Smithsonian Astrophysical Observatory on sky radiation at Mount
Whitney¥ (August, 1910) will enable an accurate comparison to be made with the results calculated from
the attenuation coefficients measured on the same day.

% Nicors, E. L., “ Theories of the Colour of the Sky,” ¢ Physical Review,” XXVI., June, 1908, p. 497. An extensive
bibliography on sky observations is given in this paper.

+ Orova, C. R., ¢ Comptes Rendus,” CIX.,p. 493 ; CXIL,p. 1178; also * Annales de Chimie et de Physique,’ (6), XX., p. 480,

1 ZerTwucH, G-, ¢ Ricerche sul Bleu del Cielo,” translated in the ¢ Phil. Mag.,” (6), IV., August, 1902, p. 199.

§ MAJORANA, Q., “ On the Relative Luminous Tntensities of Sun and Sky,” ¢ Phil. Mag.,” (6), I., May, 1901, p. 555.

[|| The writer is indebted to Dr. Orro K101z, of the Dominion Observatory, Ottawa, for calling his attention to the work of
ExNER along these lines. Ex~zw, ¢ Sitzungsbericht d. K. Akad. d. Wissen., Wien, M. N. Klasse,” 1909, vol. 118, ITa. A
summary of ExNexr’s work and of the observations of WinsNur and Scuramy, W., is given by Assor, C. G-, in his recent
book, ¢ The Sun,” p. 299 (Appleton and Co., 1911). A problem of somewhat the same nature as the present one is considered
by Gorp, E., “The Isothermal Layer of the Atmosphere and Atmospheric Radiation,” ‘Roy. Soc. Proc.’ A, vol. 82,
1909.—Note added December 31, 1912.]

€ Aspor, C. G., “Report on the Astrophysical Observatory,’ Annual Report of the Smithsonian Institution,” 1911,
p. 65.
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Wilson observations. ¢ = 0°.
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gram II. Relative intensities from zenith sky calculated from Mount
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Diagram III. Relative intensities from ze:
‘Wilson observations.
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Dia
o \\
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) Diagram IV. Relative intensities from zenith sky caleulated from Mount
Wilson observations. { = 40°.
T/Q 5 \ )
ol 1T
§\ / / \
I = & /ﬂ N
7 8 9 rox A
zenith sky calculated from Mount / \
3 = 90° 401 |
s, (= 20°, \
20
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Diagram V. Relative. intensities from zenith sky calculated from Mount
‘Wilson observations. { = 60°.
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Diagrams II.-VIIL.

Tigs)

80

60

-\-..4

IS}
(=3

A\

3 “ 5 6 7 8 9 FOu A

Diagram VI. Relative intensities from zenith sky calculated from Mount
Wilson observations. ¢ = 70°.

mnt
Tioy
60 /f\
20 " \ _
/ \
0 >~
8 4 57 ‘6 7 '8 ‘9 1:0pA
Diagram VII. Relative intensities from zenith sky calculated from Mount
Wilson observations. ¢ = 80°.
A
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ABSORPTION OF LIGHT IN GASEOUS MEDIA. | 427

Diacram VIIL—Comparison of Formulew for the Relative Intensities of Sky Radiation Caleulated from Mount
Wilson Observations for { = 60°.

It is of some interest to compare with the formula for sky intensity derived in the present paper the
various formule which have been employed by various writers in the interpretation of sky observations.
The results are shown graphically in Diagram VIIL for a zenith distance of the sun of 60° and refer to
intensities of zenith sky.

Curve I. i3 given by the formula (63)
(4m) 183 (1 +cos? () C,

and is the same as that given by KuLvIN* and employed by PERRINT in an estimate of the
number of molecules per unit volume of a gas.

Curve I1. is given by the formula »
(4718 {3 (1+ o O}

and is seen to give a considerably smaller value of sky intensity in the red, agreeing closely with
the value T (0, {) for wave-lengths greater than -45u.

Curve III. is given by the mean solution (64) for T (0, {) which takes into account the effect of self-
illumination. . N ‘

Curve 1V. gives the intensity of zenith sky neglecting self-illumination but taking into consideration the
attenuation of both the incident and scattered radiation.

* Krnviw, ¢ Baltimore Lectures’ (1904), p. 313.
+ PERRIN, J., ¢ Annales de Chimie et de Physique,” 8¢ Série, September, 1909. See p. 79 of ‘ Brownian Movement and
Molecular Reality > (F. Soppy, 1910), published by Taylor and Francis, London.
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Diagram VIII. Comparison of formulz for intensities from zenith sky, Mount Wilson, { = 60°.
312 '
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428 MR. LOUIS VESSOT KING ON THE SCATTERING AND

Diacrawms IX. AND X.—Total Radiation Calculated from Mount Wilson and Washington Observations.

The curves drawn on Diagrams IX. and X. are drawn from the data calculated in Tables VII. and IX.
for the values of total solar and sky radiation at Mount Wilson and Washington respectively. The
various curves denoted by I, IL, IIL., IV, refer to the following quantities :—

Curve I. gives the total intensity of solar radiation in calories per square centimetre per minute normal
to the sun’s rays; i.e., the curve represents the variation of

f T (O with ¢

Curve I1. gives the total intensity of solar radiation in calories per square centimetre per minute on a
horizontal plane; ¢.e., the curve represents the variation of

008 ¢ f : E (¢) d\ with ¢

Curve III. represents the total intensity in calories per square centimetre per minute of the radiation
from the entire sky on a horizontal plane ; i.c., the curve represents the variation of

[ TH () dn with ¢

Curve IV. represents the total radiation from sun and sky on a horizontal plane; i.e., the curve
represents the variation of

f: {cos ¢E($) +H (O} dA with ¢

The calculations are only given as far as { = 80°. Curves I. and II. fall to zero at { = 90°. Curve III.
is arbitrarily carried on beyond this point (in dotted lines) to { = 100°, and represents to some extent the
intensity of scattered radiation due to the “ twilight” following the sunset or preceding the sunrise. The
effect of the earth’s curvature makes it practically impossible to calculate the scattered radiation when the
sun is below the horizon. The heat reaching the earth before sunrise shows itself in continuous air-
temperature records in the fact that the minimum in the diurnal inequality of temperature occurs about
one-half hour before the sun actually rises.

The curve just described are intended for use in meteorological problems.
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Diagram IX. Total solar and sky radiation caleculated from Mount Wilson observations.

Calories
sq-cnbmin‘
P 16
i E—
< i
\\

§ 'S r2 \\\
th e \
O 08 N \
Z O \ v \
=uwu \ X
- o4 ] v A
32 | ~
= i \\ N
m \\\\ AY
OU L 0 N ) s S
([)< O o ] o o ° ° 3 ° ° o
O% 14 74 20 30 40 50 6o 70 . 80 90 100" 5
=
T
o=

Diagram X. Total solar and sky radiation calculated from Washington observations.
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430 MR. LOUIS VESSOT KING ON THE SCATTERING AND

DracraM X1.— Relative Intensities from Sky and Sun Caleulated from Mount Wilson and
Washington Observations.

The curves given in Diagram XI. represent the ratio zenith sky/sun for equal solid angles, the total
radiation covering all wave-lengths being taken in both cases. The curve represents the formula

w[:T(o, {)d)»/j:E © dx,

where o is the solid angle subtended by the sun, i.c., » = 27 (1 -~ cos 16) = 6-80 x 1075,
Curves I. refer to Mount Wilson and include the extreme and mean solutions in the expression for
T (0, ¢).
Curve II. refers to Washington and represents the mean solution of the integral equation only.
Since the ratio just described is that most easily obtained in measurements of sky radiation, the curves
just given are appropriate for a comparison of theory with observation.

A
DiacrAM XIL— Relative Intensities from Zenith Sky, Calculated for Different Wave-Lengths from
Washington Observations.

The curves given in Diagram XII are drawn on the same plan as those described in Diagrams IL-VII.
for Mount Wilson. In the present instance the numerical values from which the curves are drawn are
given in Table VIII. Intensities corresponding to the mean solution of the integral equation are alone
given, since the presence of “dust” at low-level stations is an extremely variable factor. This factor gives
rise to a sharp bend in the attenuation curve for Washington shown in Diagram I. in the neighbourhood
of *610p. The effect on the intensity of zenith sky is very sharply marked and gives rise to a finite
discontinuity in the intensity curve corresponding to that wavelength. In reality the bend of the
attenuation curve in Diagram 1. cannot be as sharp as the intersection of two straight lines, so that the
discontinuity in the sky intensity curve in this neighbourhood is probably represented by a sharp peak
(represented in the drawing by the dotted portions of the curves) which arises from the effect of * dust” in
scattering the long-wave radiation. The prominence of this peak in the intensity curve must be an
extremely variable factor, and may possibly account for discrepancies in observations on sky-radiation ; e.g.,
N1coLs* mentions as a result of his measurements that sky intensities show far greater relative intensities
in the longer wave-lengths than one would expect from RAYLEIGH’S theory. The effect of “dust” is an
illustration of the effect of several groups of molecular complexes or small particles on radiation travelling
through a medium containing them ; each group which is able to produce a sharp bend in the attenuation-
curve at any wave-length is also able to produce a corresponding maximum in the intensity-curve of the
scattered radiation, the whole effect resembling a broad emission band in its spectrum.f

* Nrcoxs, loc. cit., p. 502.

[+ Important experiments describing the transition from lateral scattering to selective reflection are described by
Woop, R. W., under the name “resonance radiation.” These are described in the ‘Clark University Lectures, Clark
University, 1912, p. 101.—Note added December 81, 1912.]
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Diagram XI.—Ratio zenith sky/sun for equal solid angles calculated from Mount Wilson and
‘Washington observations.
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Diagram XII. Relative intensities from zenith sky, calculated from Washington observations.
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432 MR. LOUIS VESSOT KING ON THE SCATTERING AND

Discram XITL—0Quality of Sky Radiation Calculated at Mownt Wilson and Compared with Observations.

The curves (i), (ii), (iii) of Diagram XIII. are plotted from the results of Table X., and show graphically
how observed values of sky radiation agree with values calculated from mean attenuation coefficients at
Mount Wilson. The curves corresponding to the extreme and mean values of the solution of the integral
equation are retained throughout. Observed points are denoted by small circles, and lie fairly close to the
calculated curves.

Diacram XIV.—Polarization of Zenith Sky Caleulated from Washington and Mount Wilson Observations.

The curves given in Diagram XIV. are drawn from data calculated in Table XIII., and represent the
ratio of the component intensities of zenith sky polarized in the principal plane to the component polarized
at right angles to that plane. 'This ratio is represented roughly by the formula

T, (0,) - _1+Q(0,O/P(0, 0 |
T2(0,)  cos? {+Q (0, /P (0, ()

Curves are given for various zenith distances of the sun, making use of the constants for Mount Wilson
and Washington. In the latter case the effect of ““dust” gives rise to a discontinuity in the neighbourhood
of -610u, represented in an actual case by a peak in the curves (represented by dotted lines).. The
characteristic just mentioned is actually observed in curves of polarization of zenith sky obtained by
Nicors.* In comparatively ‘dust-free” air as at Mount Wilson this peak is wanting, and the curve
represents a type obtained by N1coLst which rises with increasing wave-length. Since the forms of the
curves just described depend essentially on the effects of self-illumination, these will be extremely
sensitive to the presence of “dust,” and will therefore vary greatly with time and place. Reflection of
solar radiation from the earth’s surface (e.g., a snow-covered landscape) will affect in a marked manner
the polarization of sky radiation independently of effects of self-illumination, and may therefore account
for the great variety of results obtained by, observation on this point.

* Nicos, loc. eit., p. 508, fig. 10, Curves (4) and (3').
+ Nicors, loe. cit., fig. 10, Curve (c).
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Diagram XIII. Quality of sky radiation, calculated from Mount Wilson observations, October 17, 1906.
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Diagram XIV. Polarization of zenith sky calculated from Mount Wilson and Washington observations.
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